
(Miscellaneous topics)PLAN :

1) Review Rational subsets + a few definitions

2) Pushcarts for Huber rgs exist in some situations

3) When is the presheaf on Spa (A ,#-) a sheaf ?

Ya) Cartier divisors an adic spaces

b) Analog of closed immersion for adic spaces



(ALLRINGSAREHUBEIGALLMAPSARECONTINUOUSSetupi.tlHuber
,
Ao : rg of definition > I ideal of defn .

At CAO rg of integral elts

where A. At is a Huber pair
PRELUDE : Affinoid pre- adic space : ✗ = Spa (A. A+)

• As a set : { n ,
a cont- valuation on A s-t- n(a) ≤ 1 VAEA

" }

• Topological basis B : Given by rationalsI-h.PE) , where 1- is a

finite set
,

and T- A is open in A .

RLIS ) := {n : act> ≤ us) -1-0 }

• Presheaf : O×(R( Is )) = (ALIS > , AÉSI >)
-

A(Is ) is As as a ring
-

Its rg of definition is Ao [Is /t ET ] ,
where to is a

rgofdefn of A

The ideal of defn is I A. [ Is / TET]

⇐ man mis a top , , we a. need t.am open condition)|I A-+( Ig ) := Integral closure of A+ /¥ ]

-

(Alis > .
A-
+
(Is > ) is the completion of (A(Is) , A+(Is))

Ox (U) := him Ox (V)
←

VEB
✓ ≤ U

Note : Spa ( ALIS > , A-+ {Is > ) maps homeomorphically onto R(Is) ,
under the map induced by A → A- { Is >

A- { Is> is universal in the category of non
- arch top rgs

that are ± complete

2. A 9- B is continuous

I 91s) is invertible

1' {9(ti) (s-1) Iti c- T } is a power bdd set



Another description of ALI
,
> when Ais complete

=

Consider theft#trialed power series Ñ {Xi / t.tt >

{ Saux
"

: v- Uc it , aveu for almost
all v}

with topology given by sets of the form U<× > (
those with

all coifs in

a)

Let I be the ideal generated by {(ti - sxi) }

Then ÑLXT>/ I is a complete rg having

the same universal property as A(Is > -

-

§ 5- 1 : Adic morphisms '

not
obvious '

✓ but
easy

check

Defn : A ↳ B is adic if for one (and hence any)

Ao CA ,
Bo CB ,

choice of rgs of defn

s't- QCAO) C Bo ,
and I C Ao an

ideal of

definition ,

QCI) Bo is an
ideal of defn for Bo .

E. of 1. Adic : A → this > for rational subsets .

2. Not adic
: Ip - Ip 11T¥ (p , T ) -adic topology

( rgs of defn are themselves .

The ideal

generated by p on the RHS does not contain Tn
,

but all powers of (p ,T ) contain some large powers AT .)

temmhi If A is Tate
,
then any

A-→ B is adic

↓ can
assume by taking powers

Pf : Let it c- to be a top . nilpotent unit . Then { IT
" to} give

the topology on Ao . qlñ ) is a top nilpotent unit as

9 is
continuous . :B is Tate & for every rg of dtfn

Bo in B sit' act) c- Bo
, {celñ)

" Bo}n give the

topology



PROPOSITION : A map (A) A+) (B
,
B

-1) of complete Huber rgs

is adic if & only if Spa (B.Bt) → Spa (A , A+) carries analytic

pts to analytic pts .

↳ qtÉTÑnonopensupport.my
mm
urn

The support does not contain)( all top . nilpotent elts
.

⇔ Let a c- Spa (B. Bt)
an ⇒ Suppa $ @(I)Bo

Pf .

(only one way) Fb = a (a) ,
a c- I ,

s-t
-

Mb) =/ °

⇒ Ceo 9) (a)
≠ 0 & n°9 c- Spa(A)At)a^

⇔ A little more involved . (needs completeness of B)

utim : A Huber rg His analytic if : the top. nilpotent generate

the unit ideal . Le- g . Tate rgs)

⇔ All points in spa@ ,
At) are analytic

⇔) as supp cannot
be open , since cannot contain all top nilpotent

⇐ ) Else
,
let ps top nilpotent . Consider the triv valuation M fraclttp) .

( : just like Tate
, maps from analytic rgs to )

complete rgs
are adic)

Definition : A map f : Y → × of pre- adic spaces
is analytic

if it carries analytic pts to analytic pts .

Proposition 5-1-5 : (1) Sf (A. A+)
9- (B , B

'

) is adic
,
then pullback along

spa CB, Bt) → Spa (A , A+) preserves
rational subsets

a ↳ No 9

Pf : First
,
if T.lt is open for T a finite

subset , TA 2 Into

⇒ QCT) B T QCI )
" Bo

⇒
↑ QCT)B is open
adic



N°4 (ti) ≤ no cels) -1-0 titi c-
T

no 9 c- RCIS ) c- Spack A+) ⇔

⇔ ne R(%)
↑

This is a
rational

set ÷
QUTB

is

open .

Huber pairs)

¥ (Existence of ?↑Ñshouts in category of

(A. At)
# (B. Bt )

adic/ J
T

C. Ct)-
D
,
D
-1

D= B ④ A
C

Do , rg of defn
= Bo ④A,

Co

Ideal of definition = I(B◦⊕A◦ Co)

where I is the ideal ofdlfncf Ao

Dt = int . closure of B+ ⑦
☒+

inside D

(
% A

/ B. C were complete , we could

complete D to get pushouts in )
the category of complete thicker pairs .

Rmk- : spa CD ,D+) = Spa (B. B+ ) ✗
spaca , ☒e)

Spall 'd)

(
Not sure why this is true .

Do know why things are )
adic as opposed to preadic



Eg :

No pushout : (xp , Ip )
- (Qp , IP )

I

(74111-1) , 74>[11-1]) )
( QPLT , -1¥> , 2pct , > )

cont- towed

It (DID
-1) was a pushout , TED would be top

nilpotent as the map from Ip [11-1] is continuous ,

& PED
"
as PEQÉ .

: as Dt is open Tm EPD-1 for m ≥M

⇒ TM

FED
-1

But then Dt cannot admit

a map to Ip { T , ¥
"')

( as p is not invertible hire & we could not

map even upon taking int closure)



(Rgs will be analytic )52Analyticadicspaf

Recall : A is sheafy if Ospact , #)
is a sheaf of top .

rgs for all A+
.

( In this section we will talk about when rgs
are sweaty)

y
the rg of power

bdd Its
.

we say that A is uniform if A° is bad

Th5 (Berkovich)
For A analytic , uniform :

A → IT KK)
Rt Spa (A ,

At)

is a homeomorphism onto image ,
where

Kln) is the completed residue field -

Therefore , to = { 5- c-Alf c- Okay ,
REX }

↑

rg of integers

Remark : D Sf x : A → lie U {0} is a valuation , 3- a c- A
,
s-t - an- 0 , s

-t -

a¢ supp r , as top
. nilpotent generate unit ideal . If u is continuous . x(a)n →0 & .: a

is a topological nilpotent in the topology induced by R

-: n is a microbial valuation ,
& top on n is induced by

a rk 1 valuation

2) 0kW = Rg of power bdd elements in Koe)

strongly all
www.s

result vats↓
Remark :

"

The Theorem also follows from n
At = { f- c- A / self) ≤ 1.NEX}

(they claim : 9 am not sure how)



Corollary : set É✗ be the sheafification of

Ox . If His uniform ,
then A→ H°(X , Ex ) is

injective .

Pf : We have
,

A- H°(× , Éx )- IT KK)
,

n

where the composite is injective

Note : Spa [ A , A .

= ✗ = Spack , 1¥ )

- : we have
. Ox (x ) = it ↳ H°(× , É× ) . If this

was

a sheaf . we would have bitectivity .

( for sheafyness , we strengthen the uniformity condition )

Definition : A complete analytic timber pair (A) At) is

stably uniform if 0×(U) is uniform for all

rational subsets Uc X = Spa ( A , A+)

the : If the complete analytic Huber pair (A) A+ ) is stably

uniform , then it
is sheafy .

( Moreover , sheafyness W/o other assumptions implies )

- If the complete analytic timber pair (A , A+) is sheafyTh :

then Hi (X , 0×1=0 for i > 0 .



Stratcgyofpfi

Apparently , some combinatorial & inductive arguments allow a reductive.in

of the problem to computing Hickox ) for a simple Laurent covering

✗ = U u v where U = { Ifl ≤ 1} & V = { 1≤ Ifl}

Now
. U= R(§ ) Q, (U) =

HE> /

Ox (V )
= ALS>/(55--1)

v= R( ¥)

Unv = R({
' } ) → Oxcunv ) = Af {1,5--2} >

f
"

A- { ¥ . §)

"

A- 45,1-7/65--1,1=5--1
"

AGT, 7/(1--7)

WTS that the Cech complex for this covering
is exact

.

It is :

0 → A → ATE ⊕ AGASSI]
a - a + a

ACT ,T' >/TI - O

Lemma : 1) ✗ is surjective . ✓ T - T
=

s - -1--1

¥ If A is uniform , ⇐ -f) c ACT> ,
etc . are closed

Now
, if Ais normed

,
the top . on ACT> is given by :

/ Sarita sup / an /
A



BY A ↳ IT Kla)
, top on A is given by lala = sup talked]

REX
rk 1 pts

-: If /
Any>

= sup lftkcnkt>REX
rk I

/ ' lkoekt> is the Gauss norm & multiplicative

( as opposed to sub -multiplicative which is normally
the condition for Banach algebra )

. : Vg EAST> , KT- f) g / * <t>
= IT- f- last> ' ⑨ ACT >

≥ 18 /
Act>

t
as T has

coif 1
. : {C-f) gn } Cauchy ⇒ gn Cauchy

gn →g ⇒ f-f) gn→ E-f) g

-: (T - f) is closed
.

Same for the others .

because
RHS

=
C-f)

ACT>

+ (1-
ft
_DAFT

¥ kernel- 0

↓ i
C-f) ACT > ⊕ CST -f) ALS> ↳ C-f) (ACT,T-7)

→0

↓ I
0 - A c- ACT> ⊕ ALS > → ACT ,T-7-0

" ↓ ↓
O- A ACT>

⇒
⊕ ALI → A4→ o

ST- f T- f

I I
0 0

Columns are exact - Top two rows are exact

⇒ E is exact



THIEVES :

det CA , A+ ) be a sheafy analytic Huber pair and ✗ = Spa (A. A+)

we have a categorical equivalence :

{ finite projective A- mods }
Spa (Aij , Atij)
"

for ✗ = Ulli Ui = Spa# i. Ati ) Uij :=UinUj

→ { (Mi , Bir) : Mi finite projective
Ai mods

Bij : Mi ④Ai Aij
Is Mj ④Aj

Ai't

satisfying the couple condition }
Mata of

Locally finite free Ox - modules

§ 5- 3 : Cartier divisors

pTaʰdi:c w/
Ox a

sheaf)

Lilia's :
i.An adic

>
↳
space

is uniform if V- open affinoid

U = Spa (R, Rt) CX ,

the Huber
rg
Ris uniform .

Note : If ✗ is an analytic adic space ,
then ✗ is uniform ⇔

✗ is covered by open affinoids Ui = Spa (Ri , Ri ) where

Ri is stably uniform .

Definition :
Let ✗ be uniform analytic adic space .

A Cartier

divisor on
X is an ideal sheaf 9 c Ox that is

locally free of rank 1 . The support of a Cartier

divisor is the supp of 0×19



Prof : tet (12,12-1) be a stably uniform Tate - Huber pair , & let

✗ = Spa (12,12-1) .

The map
I 9 = I- Ox induces a bijective correspondence

b/w
invertible
^ 'deals ICR sit. the vanishing locus of I in ✗

is nowhere dense & Cartier divisors on ✗ .

Therefore , If 9 Cox is a Cartier divisor
,
then its

support ZCX is a nowhere dense closed subset of × .

If: By the earlier
, any Cartier divisor is of the form

I ④ Ox for an ideal ICR

The notes claim that I must be invertible

Citi generally locally free sheaf of rk 1 in Speck)

(so all Cartier divisors come from invertible ideal sheaves

but not all may give a Cartier divisor .
We'll see

which ones do .

Specifically , an ideal sheaf may become 0 on

certain open
sets if the local generator becomes

a zero divisor)

WTS : Cartier divisor

✓
⇔ Locally . I (U ) is generated by a nonzero

divisor
. In other words ,

I ⊕
,
Ox → Ox is infective as map of sheaves

? ⇔
I invertible w/ nowhere dense vanishing locus

By localization ,
WMA that I = (f) , with -2 as the

vanishing locus = {x :

suppa ⇒ g- } = supp
-' (VH1) :- closed

( ⇒ ) If 2- contains an open subset U = spa (A) A+ ) , g- = 0

on U as A ↳ IT Kln) (& f & 0 map
to the same pt )

new
since ✗ is uniform



⇔ Assume FV on which fg = 0 for g c- B

11

Spac B. Bt)

S = {g=O} = supp-1 (Ucg)) is closed in V

& contains V - Z (If ncf) to ⇔ see V - Z

then nCfg)=O ⇒ alg)=0 )

⇒ V - S is an open
subset of Z

⇒ V - S = ∅ as -2 is nowhere dense

⇒ s=v ⇒ g=o by uniformity as before

-: f is not a nzd .

Proposition : det × be a uniform adic space and I cox

a Cartier divisor w/ supp Z & j : U = X - Z - ✗

There are injective maps of sheaves :

Q, ↳ him 9×0 -n → f-* Ou
T

(Note : As lflny ≠ 0 V- a EU , f is a unit on U )

If : WMA ✗ = Spa (R, Rt) & 9 = fox for some nzd FER

whose vanishing locus is nowhere dense & check on global
sections

.

✓
module gon by ¥

tiny 9×0 -n set 9-'A) = R[¥ ]
RED
112

9-
'

(X) - 9-
'
(x) ⊕ 9-' (X) → - - - -

of - g- ④ ¥

linm (9-
'
(✗1)

④n
= 1211 , ¥ , ¥2 ' ¥3 ' _" ]



R- R [f-' ] - HKU , Ou)

The maps are injective if R- H°(U , Ou) is.

If YER maps
to 0

, then vanishing locus of g
is a

closed subset > u ⇒ it is all of × as Uc = 2-

is nowhere dense .

By uniformity , g=0 .

Definition : In the above situation , a function f- c- Oulu)

is meromorphic along the Cartier divisor 9C Ox if
it lifts (necessarily uniquely ) to not , limen 9×0- n)

Sf Sc Ox is a Cartier divisor , one can form 0×19 .

Definition :
-

Let ✗ be a uniform analytic adic space
-

A Cartier divisor 9C Ox on ✗ with support 2- is

closed if the triple (Z , 0×19
,
Lwnsnez) is an

adic space .

( supposed to evoke a closed immersion )

Boy : det × be uniform , analytic adic
space .

A Cartier divisor 9 CQ, is closed ⇔ TCU)↳ 0×14)

has closed image t open affrnoid U CX .

In that case
, for all open affinoid U = Spack, Rt) CX .

the intersection Uh Z = Spats , 's) is an affinoid
adic space ,

where s = R/I & St is the int - closure of
R'- ins



Pf : ⇔ > closed cartier divisor ⇒ (0×19) (U) is complete &

separated

⇒ JLU) ↳ 0×14) is closed

⇔ Enough to check that (Z , 0×19 .
Un)nez ) is an

adic space locally .

-
: Assume ✗ = Spa(A. A+ ) .

It)= I closed in A

B = A/I is a complete Huber rg & A→B is adic

let B.+ be the integral closure of A+ in B

Then Z = Spa (B.B+ )
f- ✗ = Spa ( A ,A+ ) is a closed

immersion with image = supp
-1 VCI) .

( both carry subspace topology from Spv A. :

homeomorphism onto image)

Forth = R(Is ) in Spa (A ,#-)

f-'U= R(Is) in Spa (B.
Bt )

Oz ( f-
' U) = A/I (E)

^
← AH- A

↑ %
'
-
.
] ! ✓ .: we have

'

i Ox (U) natural maps"

0×(47110×14)
0×19 → Oz( exists as the image of Spal MILES))

landsinside UNZCU

0×1%1#
A / I e- A

e. /
7 !""

Oz (Unt )
1
( exists

-
: 0×19 E Oz

as image of spa

Oxcu)/9×(U)
lands inside Un -2 )


