
EIGENCURVES IN THE WORLD OF MODULAR FORMS

Agenda :

1) Define the p-adic Hecke algebra

2) Construct
" weight space

"

3) Give an e- g. of a family of systems of Hecke eigenvalues

parametrized by weight .

4) Define the Hida family & the eigenahve (Coleman & Mazur)

5) Give idea of proofs of Hida 's & C&M 's theorem .

§I - p-adic Hecke algebra

Fix N ≥ I fix PXN

Mr (N ) → wt k
,

level N for TTLN )

St lt N , define Se to be <e > er
-2

foul prime

• Alk = 2- subalgebra of End (MRCN )) generated

by Lse & Te as l ranges over primes not

↳
FLN ) ( '◦ E) MIN )

" "

(µ,
-5 ⑦NZ)

"

a
- e

{e > = FLN )✗M( N )



rghom
• 7 : this} 1C is called a "

system of Hecke eigenvalues
"

.

→z

We think of a as taking values in Ip

• Ht¥' is the subalgebra of IHK generated by Lse & Te for

l not dividing Np?
Prime , fixed

[fixed , level

M

Define Se & Te on ⊕ Mi CN) in the obvious way .

i.=L

Se acts on Mien) via Le> ei?

K

• Let IHCP ) : =

≤ *
I - sibalgebra of endomorphisms of ④ Micro )

i. =L
l.se

generated by lse & Te for lXNp .

g.Gr
IT Ali c IT End (Mi CN ))
i.= ,

Use> i
k k

'

Jfk
'
≥ k

,
then ⊕ " C ⊕ - .

c-=p
i=o

⇒ HE're ¥ᵗmiH≤%
Lse to be

Te te Te

⇒ Ip ④ ME're → Ep ④ IHÉK
E

Se Inverted
•

The p-dictkckealgeh.IM is := Iim Ip ④z NEL
s

3 a well defined Se & Te c- IH lTIp④zNk

Note :
1H ↳ IT Ip ④

z Hln → Ip ④ INK

k≥#



(Fact : It is t - f -

, p -actually complete ,
North Zp - algebra &

it is a product of finitely many complete North local

Ip algebras)

• A p-adicsystemoftleckeeigenvalues-isak.is - horn

} : 1H → Ip

consider XP) : Atk"- Hln Ip

Then } of the form 7
"'

◦ ( 1H → Ip ④ Alk")

is called classical

§2 - Weight space

7 a canonical map spec 1H → Spec 74> [[T ]]
-

This will be our

weight space

let a := {
P if P is odd

P2 if p is even

2p× I µp- , ✗ T for p odd

Let ↑ := It qIp (U
"'
if p is

odd)
2¥ = µ, ✗ T for Perren

tet Ip [[T ]] :=

tiny 2p[ typpn]
,

the completed
~ gp rg off over

blog
PIP/ pnt' Ip Ip

We have Ip [r] ↳ Ip [[T] ]

Denote with [a] the ett in IPKF]] corresponding

to seen



Ip [[T ]] → 74. [[ IT]

T ↳ -111]

+ 111+9]

Want to construct 74> [[T ]] → 1H

continuous

suffices to construct a. gp home ↑ → 1H×

lets Se → like>

by Dirichlet 's theorem on primes in
arithmetic progression

consider the following set (dense in T ) :

£ := { l prime 11=-1 mod Nor}
Tp then pis odd

Jemma : The map £ → 1H given by l → Se
, extends

uniquely to a continuous gp horn T - HH

*
Pf : £ - Kim Ip ④ z IH

""

≤ k
- IT Ip ④ Hlnl"

R

l 1- Se 1- (e) n = Clk
-

2)
aIHK = 2( lse.ie?eprime "

not dividing
l -=lmodNq

N Ge> is trivial

pt N

r
,
(N ) This extends to a cont. horn on 1-

a# lek
-

%

As Al is a complete subspace & £ is dense
,
the

image of ↑ lands in 1H



We obtain :

-1+[1+9] - T

spec 11-1 → spec 2pct ]] → spec Ip [[T ]]

Ip points of 2pct ]] cont - characters re :P→ Ipx

spec 74> [[T ] ] ( Ip ) → Spec Ep [[T ] ] (Ip )

K 1- R(It or) - I

spec-2ps→ Spec 2p[[T]] Ip[[TJ]

Define kn : M → Ip" via Ip [[T]]
¥ a ser-2 ↑

/+ p2p↳
Em 2p[TIM]

{Kk} are Zariski dense in spec 2pct]]
^

we call Ka theptofwtk
we will regard spec 74,11T ]] as an interpolation of

the set of integers

=
¥n1H≤%⊕Ip

Note : It } : TH → Ip is classical arising from 7 : lHn→Ip
,

then

74,11T ]]→wH→HÉ④#Éan
,

e- se1-

ktxp-IHKXOIPMLJgkb.ee
} ◦ W

Think of w mapping a system of Hecke eigenvalues
to

_

its corresponding weight .



As Bow is KR
↑
><[[my] → µ

'
it forces w to be infective

ikp[[1-7]
1H→ Ip ( as 2pct ]] →w IH → Ipclassical

T 1- -1 + (ltqjk
-2

k>> 0 will ensure nothing

nonzero
dies )

As w is injective , Speeltl → Spec I[[TT] is sch - theoretically

dominant & : set theoretically .

We can ask if 3- families of systems of Hecke

{ eigenvalues ( & : of Galois representations ) parametrized

by weight .

☐ (N )/p
,
(N )
→ I /NZ )

"

a _ ea⇔..
<e > er

-

Zee >
(l> = IT (N ) a ITLN )

'

-

in

71st ) = a. (e) ek-2

loge 1 I = K - 2



Can we find

2- closed spec µ s - t -

D 2- ↳ Specht _w spec 2pct]] is dominant with

finite fibers

2) Z contains a Zariski dense set of points

corresponding to classical systems of Hecke

eigenvalues

§ } . E- g. of such a family : the Eisenstein family

For simplicity N = 1 & fix an even residue

class i mod p
- 1 if p is odd .

(Recall : If k≥4
,
even

,
Eh C- Math is a

Hecke eigenform )

consider 2µW
2k restricted to ftp.P]

associated to Eisenstein series Ek

for k ≥u &

{
k = i mod p - 1 if pis odd

Keven if p = 2



aka" ( lse ) = lk-1 apt" (Te) = It lk-1

Ip
"
= µ × T (

M = Up-1 if p is
odd

n= Uz if pis even
)

Let 9 : Ip
"
→ µ

in" ( lse ) = l @ (e)
i-2

( e. q(e) -yr
-2

And" (Te ) = It ball)i-2( lace )-1) k
-2

where we set E- 0 if p=2

IH E- 2pct ]]

Se ↳ all)
" -2
[ball )

-1 ]

Te ↳ 1 -1 holes
" -2

[ lace )
-1
]

By construction Ka ◦ E = and" for any k=i modp
- I

✗ tank
-2

(or even be if P=2)
p → Ip

"



Ip [[M ] ] & 1H E- 2pct]]

[l] 1- Se 1- all)i
-2

[ lace)
-1]

led =

[e]
l-=1modNw *

Q(e) =L

as
1=-1 mtdq

-

'

- E- ow = id on Ip [[T ] ] ⇒

we have a section of the weight

map ,
which is a separated

-
: E gives a closed immersion

spec Ip [[t]] → Specht

spec 74,1117] (Ip ) →
spec 1H (Ip )

K M KOE

Kk ↳ palp)

suppose we included information on Tp & psp in 7k

We would want that it Kk & Kri are
" close practically

"

,

then 7k & 7k' should also be close radically

say K
'
> k

,

k
'
- k = pmu

⇔÷p
' ' Psp pk

- I

Homrglltl , Rfµpdogiᵈ pk
'
-1 J

rg
↑ →

diff = pk
- ' ( 1- pk

'
- k)

endow
with the

-

weakest topology unit

s
- t

' era
is

continuous
for
all

ae
'M



Ssu - Hida family & the signature .

We observe that 7k(Tp ) & p7k(Sp) do not

interpolate well .

If we consider the Pth Hecke polynomial

✗
2
_ 7k(Tp ) × + pan (Sp ) ,

in the preceding

e- g- , it has the form ✗2- (Hpk
-

1) ✗ + ph -1

= (x - 1) ( x - pk
-1)

↑ [
problem .

No problem

[
2p[T.TT

so we consider points in spec IH ✗
µ,
Gm

Let X denote ☒
p valued pts of Specht × Gm

consisting of pairs (}
,
a) where } : 1H → Ip

is classical coming from some 7 : Hln→ Ip &

a. is a root of Pth Hecke polynomial of a

✗
"d

'

-
= { (} , a) c- ✗ I ✗ c- IF } = Ip points in ✗



Last time :

IV. p are fixed . I ≠p ,
and a prime .

1) Defined p-adic Hecke algebra = 11¥ MEL ④ Ip

2) Constructed a
"

weight space
"

spec IH Is spec Ep [[1-7]

3) Considered an e-g. of a family of systems of

Hecke eigenvalues parametrized by weight

( in other words
, 2- ↳ Spec At spec 2pct]]
Zariski

dominant w/ finite fibresdense

set of pts
corr - to classical )
systems .

Now : Hida family & the eigenuuve ftp.T.TT
We starting considering points in spec IH ✗ Gm

Ip

& defined X i. = { (3.a) c- SpecMtg, Qm ( Ñp) I } :

1H → Ip is classing coming from

some 7 : Mk → Ip & ✗ is a root

of pth Hecke polynomial of d
-

x2 - Htp )X + p7§P )
I pw2LP7



We defined X°rᵈ := { C } , a) c- X / ee Ipx } =

Ip points in ✗

Thm) : Zariski closure cord of ✗
ord

in spec IH × Gm is 1-dim .

Cord - Speck × Em I speclttw-speckpfl.TT]

is finite . It is e'tale in the nbhd of those

pts of X°rd coming from systems of

eigenvalues appearing in wt k≥ 2

It we try to interpolate X
. taking alg

Zariski closure is
"too coarse "

.

Instead
,

we construct a rigid analytic family

lying inside the ass . rigid analytic space

of (Speck × Gm)M .



Thin (Coleman & Mazur) : The rig . an . Zariski

closure C of X in (spec IH × Gunjan is 1- dim

The composite
Ccs @pec IH × Gm)

""
→ (spec 1H)

"

_
an

@pectkpl.LT]] ))

is flat & has discrete fibers

For any e > 0
, I only finitely many

pts C}
,
a) in any given fiber

with

Ordirp (a) ≤ c .

The curve C is called the eigenunve of

tame level N
. Crd)

""

is called the

"

slope 0 part
"

or
" the ordinary part

"



Sgs . Very very rough idea of proofs :

step 1 : space on
which IH acts

①
"

generalized p-adic modular

functions
"

⇔ surrogate of constructed

from gp cohomology of RCN)

Liii) radically completed cohomology

of modular curves .

Step 2 : (For ① & )

Introduce Up operator on the space

f- = San qn

Recall : On W
- expansions

, Upf = sampan

Let 1H* ÷ avotient of 1H[Up] that

acts faithfully on our space

IH × Ip [×] → End (space)

1- Up



Spec Hl* - Specht × 1A
'

Sf f is a modular form of wt k & level N
, PXN,

& if ✗ & p are
roots of (X2 - Htp )X + pd Csp))

Then flt ) - Bf(pt) turns out to be a Up

eigenform of level Np , with Up eigenvalue
& .

:(} , a) defines a rg
horn 1H*- Ep

Cs , a) : spec Ep → Specht × Am → Speck ✗ 1A'

→
_

_
→ Specht

"]

I a spec M*

But spec Itt is too big

It g- is an eigenform for 1M$ whose

Up - eigenvalue or is of +ve slope

then Uff = xnf → 0

we can
"

cut out the ordinary part ".

Quotient of Itt acting faithfully on the

ordinary part is the coordinate rg of cord = Erd



For Coleman & Mazur 's curve
,

the issue is :

suppose & has +ne slope , then

At → 1H[Up? → 1H*_ Ép
Up - - - → a c- Max ideal

Imclp ) in IH ' c- maximal ideal M*
E-

Say ME lies over me in 1H

1HTn* ± Ñm[[Up ]]
TompkinsF

-: if Hm → Ip is any system of

eigenvalues ,
can be extended

arbitrarily to Him.
. by assigning

a positive slope value to Up

for non ordinary stuff ,
no way

of algebraically distinguishing positive

slope roots of Pth Hecke polynomial from

any other tire slope elts of Ip



By passing to
"

some analytic setting " ,

we try to get Up to be a compact operator w/

reasonable spectral theory & analyze its eigenspaus

to
prove the theorem .

In the interpolation paper

- Not exactly a direct action of Up .
allof

Instead
,
912 ( Ohp) acts

- Introduction of Up & passage
to

its eigenspaee is effected by

applying the Jacquet module

functor .


