
ALLOWING RAMIFICATION AT EXTRA PRIMES

Goal : Examine behavior of derived deformation ring when

adding a prime to the set of ramification

setup :
p prime . k finite of char p -

G split , semisimple adjoint
, /W(by . leg . Pain)

Gn particular reductive with trivial center)

1- a 9 max K- split torus

of = Lie can )

s = finite set of primes containing p

eventually

p
: Ts - GCK) with some conditions

n to make centralizer. Za)
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Is the deformation functor lifting f -

q
: Taylor Wiles prime i. e-
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q It in R

• plfroba) is conjugate to a strongly
regular element t c- Tcm s-t .

Zqct) = T
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& PQQ
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• FIA , Fiona :
-
- - - strew & pTQq valued

in T .

Choice of isom above induces :

9-Tzar → Faq ,

similar for Qq .

• FI! , 7,8¥ : framed deformation
functors for ftp.w & stag

.

• Shy : Undeceived framed deformation rg
for the trivial rep :

Iq- T
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a
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BÉÉr Wiles piime

µ (A) has the important idea we need
,
but

we travel through the squares because Faq

Faq are not representable



(A) 774¥] Faq
fr / I
FIFsq] → FQQ

Want the natural map 72ft]→ Far ✗

Faq FIC'Jq]to be a w -h- e.

Suffices to check on k⊕k[m] Am ≥o

because

1) If AE Rmgsm1k .

E : A-R factors as

A = to→ Ai- Az--- - - An = be

where each Ai is a square - zero ext of Aix, by k[mi]

mi ≥ 0

2) 7 preserves pullbacks by small extensions
"

(checked last time ) and therefore so does

72g ✗

Faq 7745W]

Therefore we need to show :

£7741s]
→

Etar ✗

Efg £7745,]

¢
since Modu is an additive category & pullbacks ))
are the same as pushouts

F-auivalently , that

- Efpfts] ᵗ£tFeq ⊕ tFz[ ysq]
- -17%

is a fiber sequence

By explicit calculations of these tangent complexes by

Shenronog :

NTS : c*(I[§] . s*g) - o@h.p;§) ⊕ c*(z[star] , EG)
It I
o- C*(④a. Pinot)



Note : These complexes compute e'tale cohomologies .

⑥Probably true by definition .

Constructed by taking limit of simp (x)
ᵗBh, Ch (b)

where ✗ is {✗×}, pro
- simplicial,

with each ✗a is an e'tale

hypucoveung of spec . . . ))t adding more than
the tech nerve of

an e'tale cover of spec
. .

To verify this :

Replace spec Iq by Iqʰˢ , the henselizatim of

2 at the closed pt q .

We have Icq, Eats a Iq
integral [ ↑

henselian local

rings with same

residue field

⇒ isomorphic category
of finiteetale.com#fmi-enessiiMmiFabhs

because we
have finite◦44K

same as those of For cogs .

⇒ can replace c•(Ea) with C•(2qʰˢ)

g.
& G(④a) with @ (Qais)

↑

2afˢFq]

6040N

thenseligatim can be presented as :

Iim Oulu )
is

-

→
fétale cover

Spector
'

'

_ Speck[§]

⇒ lim-q.tv ) → Ce:-(IF )

A similar statement ends up being true for ☒or

"I CÉt(V✗e[§] Elstad )
→ CÉt(⊕qʰˢ)

cover
.
U = Speck[star] gun spec Ifs] ,for vÉʰspec2[t]

c. LspecI[§] ) - Olu) -10 EU ) - cilvxpfts]U)

is a fiber searches (Mayor Vietoris 0^-50)

can check by passing to injective resolution .



want
to

show

this
b- bottom

row equiv
are
weak

(B) 7Éa Far

I 1
Fiona → Fan

{ tangent complexes

§ homotopy groups

H*Lq ,
Lief)n) - HIq , g)

I 1
HEt(Qa , Lielt)n) - HeE(QQ , of )

want to show that top & bottom arrows are isoms .

First
, note that as spec Iq is Henselian

,

Hiétc Spector ) = Hiét (Ear) which is the Galois 10h .

for Tapir

Hiét (spec QQ ) is the Galois coh of Going ↑
Stacks

. : hi ( Ig ) = 0 if i > I o3QU

hi (Qq ) = 0 i > 2

110 : gf☒P= GREY = gAd↳lFnbaD= Lie (Zqct) )k= Lie CT)h

j
p(Frobq ) is strongly regular

H2 : bottom map :

Local Tate duality gives that

H2(Tag ,
M) I H°( raw , M* )

"

therefore STs isom on H°



NY = Horn (M , µp) = Hom (M ,
I/pI)=Ñgp

y f
p torsion As q-=l ink

⇒ H°(Taa , g
' ) = die T)

"

"

⑤a) - 1) ✗ c- kernel
dual 'twi = 11° (Tau , Ciel)

" )
lie (T )⇒ s((a)

-

"

✗ c- kernel :#ga nm action by Stitt
⇒ ✗ c- kernel

a- Apt ⇒ h2( Qw , g) = dim@iet)= rank G

H
' : As lief)k is a summand of 9 ,

necessarily inj .

bottom now :

By Euler char . formula :

I = ✗(Tarim) = #HYQI.mn?,a-g,,#nY(QmMT
as p -1-9

⇒ H' (Qp ,
Lie (The)
-H' (Qp , g)

is an injection of finite gps of

same size ⇒ Isom .

top now :

isom on Kieth summand of of . therefore

suffices to cheek for nonzero
not spaces

of of

Leach is 1- dim & preserved under✗ Tau action because Tau maps
into T ) ))

so we may
consider :

H' (I ,
K ) where I acts nontriv onk

via character d

us

¥⇒k = 0



Corollary :

PTQQ
→

Pag is an equivalence

⇒ for any lift of Pa ,
we have

a conjugate T- valued lift

⇒ Tag action factors through

It , ☒qtame ,
ab

↑
abelian :'T is abelian

¢ tame : Iq maps into pro
- p←gp§

whereas wild Iq is pro
-l

(C) T ,☐

Ftpq ← Faq

I 1
FT ,☐FIQ

,

←
④or

*pullback because FÉq☐ (A) = FILA ) ✗BALA)&basept of Balt)↳
evaluation
at basepoint of ✗¢ Fat (A) = @om (× , BALA) )

$
d

p c-
Homi ,BULK))

Now we construct splittings

IS

¥.IE?i.i----s-E.Zor J

(d) (C) 1I 1
Far 7¥? - IT

is"
'
-
_ -

i,
_.
.
_
_
_
→
%

These would show that(C
'

) is a pullback square



To make the splittings ,
we note that the commutativity

→ of T makes BT (A) a simplicial group .

Then Homsset (X ,
*

,

BT (A) , * ) - Hom sset (✗ , BT (A ) )
←
-
-
- -
-
-

-

"

use gp
structure on BT (A)

to send basepoint to| basement |
BT (k) ,

• ) - Homsset (✗ , BT (k) )
Homsset ( X , * ,

- -
-

This gives splittings on fibers over f.

e-deformation functors off

(D)
.

&
bi = 0 for
i > 1

Jemma : suppose Pr c- Ring,It bi = dimltir) / (& also < 0
poobwbhtfomatii)

↳ ño(T✗,×)i

(Defined by David

last semester
- D④ these were the representing

objects in derived

Schlessinger 's )
Then R is discrete ⇐ ltoR-wlkff.fi?-y;?b#

for a regular seq Yi of elements
in (p , rm ) .

- *

PI : Skipped

Maybe Ashwin 's talk in FRG seminar last

semester .



Lemma : The representing rings for

g-
T
,

☐

QQ
& FÉj☐ are discrete .

Pf : Let Sir = it . (Representing ring for FI?)
t°R= Sairlkfiilci) sq = To ( →

..
" F )

= k④r

Note that these are the undesired

deformation rings .

µ to is the left adjoint to inclusion ))
of classical rings

Let dim T=r

Soir is a power series ring

as we just need to specify left of plfrobv ) .

Soir = WCR) GX , , - . . ,XrD

ti = Sacred / EY Now
,

Sor .
k⑦r④r

Any condemned) T- valued deformation of

Patou factors through the tame abelian

quotient of it
, Qq .

we have it , ☒jam '
ab

e- Lfrobor > ✗ Iq
. y

f cyclic of

non -
canonical order q - I

suppose N is Max s -t ' PN / or-1 .



(( r =
dim TD

sq
= WCK)[lXi , - - - s

✗ r ' Yi > - - ,Yrµ y.JP
"

- I >
I [ deformation

¢
deformation
of
matrix of 81 1)
p(
Fwbq)

satisfies * ✓

FT ,☐ - *

Iq

(D) /1
FT>

☐
→ Hompingsmpe (5h ,

- )
Qa

Iq- IT
' ptaml - ab - it,#q

induces For - sq - Soir

framed deformation
ring of

toivt-

valued Iq
- rep

Explicitly :

WCK) [Yi , . . , Yr]l
-

_w%¥÷;¥?;""I _ wanna{ (Kyi)P
"

- I >

FÉ?-
*

Sin- Su

↓'dinduces |I
7¥?-Hom (Sai . _ )

WCR) _ᵗ Sq" Rglk

✓


