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ABSTRACT. The Emerton-Gee stack for GLg is a stack of (¢, I')-modules whose
reduced part A5 .q can be viewed as a moduli stack of mod p representations
of a p-adic Galois group. We compute criteria for intersections of irreducible
components of X5 ;.q in codimension 1 and relate them to extensions of Serre

weights.
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1. INTRODUCTION

Let p be an odd prime and let K/Q, be a finite extension, with ring of integers
Ok, residue field k and absolute Galois group Gg. In [EG1], Emerton and Gee
constructed and studied the stack of rank d étale (p, I')-modules, denoted Xy. Over
Artinian coefficients, there exists an equivalence of categories between rank d étale
(¢, I')-modules and d-dimensional G g-representations that allows one to view Xy as
a moduli stack of Galois representations. The Emerton-Gee stack X, is expected to
play a central role in the p-adic Langlands program, occupying the position played
by the moduli stack of L-parameters in the work of Fargues-Scholze on the classical
Langlands correspondence.

Specializing to d = 2, the reduced part of &5, denoted X5 ,eq, is an algebraic
stack defined over a finite field F. The irreducible components of X5 ;.4 are labelled
by Serre weights, which are the irreducible mod p representations of GLy(k). By
[CEGS, Cor. 7.2], the labelling is in such a manner that if X5 yeq,» is the component
labelled by o, then its finite type points are precisely those representations that
have o as a Serre weight, that is, they have crystalline lifts of Hodge-Tate weights
specified in a particular way by o (see Section 1.4 for details).
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The main objective of this article is to compute criteria for pairs of Serre weights
o and 7 so that A5 1eq,6 N A red,r is & substack of codimension 1. Our strategy rests
on finding families of representations that have both o and 7 as Serre weights, and
therefore give points of X5 red,cMN A2 red,r- The sizes of these families can then be used
to determine the dimension of Xs yed,c N X2 red,r- As employed in [EG1], a source of
families of representations is provided by extensions of fixed G characters together
with extensions of their unramified twists. Every irreducible component of &3 ;cq
can be obtained as the closure of such a family. Vector spaces of extensions of fixed
G characters are typically [K : Qp]-dimensional. Allowing various unramified
twists of the fixed characters adds 2 to the dimension, while 1 dimension is taken
away because a G, orbit of an extension class gives the same representation and
yet another dimension is taken away because of a G,, worth of endomorphisms of
each extension. Thus a codimension 1 intersection of &5 ;cq,, and Xy eq,» may be
expected to correspond to the existence of a codimension 1 subfamily of extensions
of fixed G characters (as well as their unramified twists) with both o and 7
as their Serre weights. This line of investigation gives us the required criteria
(stated in Theorem 7.1). For pairs of non-isomorphic and weakly regular (a very
mild genericity hypothesis, see definition in Section 1.4) Serre weights, the criteria
are summarized below. The precise criteria for intersections involving components
labelled by Serre weights that are not weakly regular are significantly less succinct
and omitted from the statement below.

Theorem 1.1. If o and T are a pair of non-isomorphic Serre weights, then

E o, T) 75 0 = dim Xg’red’g n XZ,red,‘r = [K : Qp] —1.

1
Xtﬁ[GLz(OK)] (
When o and 7 are also weakly reqular, the following stronger statement is true:

Ext 0,7) #0 <= dim X3 red,oc N X2 red,r = [K : Qp] — 1.

¥ (
F[GL2(Oxk)]

This result can be motivated in terms of the conjectural categorical p-adic Lang-
lands correspondence. Specifically, it has been conjectured ([EGH, Conj. 6.1.6])
that there exists a fully faithful functor { from a derived category of smooth repre-
sentations of GLy(K) to a derived category of coherent sheaves on X5 that witnesses
the p-adic local Langlands. The functor il is expected to satisfy properties related
to duality and support that imply the following:

e For o a non-Steinberg Serre weight, the support of u(c—IndgizEgl)a) is
X2,rcd,a‘-
. 1 GL2(K)
e For 0,7 Serre weights and V' € EXtF[GLg(OK)} (o,7), ko C_IndGLg(OK)(T —
V — o) is a short exact sequence.
Therefore,
GLa(K) GLa(K)

o C‘IndGLZ(oK)(V)|(X2,redﬁm)(2,red,,)c =4o C'IndGLz(oK) (c® T)|(X2,red,amX2,red,T)c'

Since 4l is fully faithful, if the intersection of X5 cq, s and Xsreq,r is empty, then

GLs(K) GL2(K) GL2(K)
c-IndGLz(OK) GLz(OK)U ® C'IndGLz(OK)

obtain the following diagram of GL2(Ok ) representations where the right downward
arrow splits:

(V') must be isomorphic to ¢-Ind 7. Thus, we
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QL (K)
o —— c—IndGLZ(OK)U

| ]

GLa(K)
V — c—IndGLi(OK)V

The horizontal arrows split as maps of GLa(Ok) representations by Mackey’s
decomposition theorem. The left vertical arrow must then split as well, and V' must
be isomorphic to ¢ @ 7. This shows that if the conjectured functor Ll exists, then
an empty intersection of &5 ;ed,» With A5 req - implies that there are no non-trivial
extensions of 7 by ¢ as GLa(Ok) modules. Our theorem is a finer variant of this
expectation.

In the course of our computations, we also find a cohomological criterion for
the number of components of dimension [K : Q] — 1 when &5 ed,6 N X2 red,~ IS
codimension 1, along with some naturally occurring triples of Serre weights. The
theorem below summarizes the results for pairs of weakly regular Serre weights o
and 7.

Theorem 1.2. Let 0 and 7 be two weakly regular Serre weights such that X5 yed,o N
Xo red,r 15 of codimension 1. Then the following are true:

(i) When K is unramified over Q,, the number of components of dimension
K @ Q] — 1 in Xoredo N Xoyea,r @5 1. When K is ramified over Qp,
this number is 2 if the GLy(k)-extensions of T by o are non-trivial, and 1
otherwise.

(i) When K is unramified over Qp,, a component of dimension [K : Q] —
1 in Xy red,o N Xared,r does not lie in an intersection of three irreducible
components of X. In the ramified case, for sufficiently generic Serre weights
(c.f. Theorem 7.8), each component of dimension [K : Qp] —1 in X2 red,o N
X red,r lies in an intersection of three irreducible components of Xs req.

Note that the criterion that appears in Theorem 1.1 has to do with GL(O)-
extensions, while the criterion that appears in Theorem 1.2 has to do with GLa(k)-
extensions.

1.3. Outline of the paper. In Section 2, we compute explicit criteria for the ex-
istence of non-trivial extensions of Serre weights as GLa(Og ) representations. In
Section 3, we relate the dimensions of families of Gg-representations with both
o and 7 as Serre weights to the dimension of &5 ;cd,0 N X2 red,r- We also relate
the number of sufficiently large families to the number of components of maximal
dimension inside X5 yed,o M X2 red,r- Section 4 recalls explicit criteria for computa-
tions of Serre weights of representations. Along with the results of Section 3, these
criteria are used to restructure the problem as that of finding o and 7 that satisfy
a precise computable relationship. Sections 5 and 6 compute the solution to the

problem laid out in Section 4. Finally, Section 7 collates all the findings.

1.4. Notation. Let p be a fixed prime and let K be a finite extension of Q, with
valuation ring O, residue field k and uniformizer 7. Eventually, p will be an odd
prime, to allow the key input of [CEGS, Cor. 7.2]. However, we will allow p = 2
for many of the intermediate steps.
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We let f:= f(K/Q,) and e := e¢(K/Q,). Let Gx be the absolute Galois group
of K, and I the inertia group. F is a finite extension of I,,, with a fixed algebraic
closure F. F is taken to be sufficiently large so that all embeddings of k into F are
contained in F. .

Let T := [0, f — 1]. Fix an embedding of_1 : k — F. Let oy_1_; := 0?71 for
o(* =ym) )

»7 Y=
We let V. denote the irreducible GLa(k) representation

i € T. Let w; be the G character given by w;(g) = o;(

~
Ju

(det" @ Sym* k?) @4 o, F

I
<

i

where each s; € [0,p — 1]. All irreducible GLy(k) representations with coefficients
in F are of this form and are called Serre weights. We can uniquely identify each
Serre weight by § and ¢ if we demand that t; € [0,p — 1] Vi and at least one of the
t;’s is not p — 1. Following [Gee], we say V; . is weakly regular, if each s; € [0,p—2].
We say that Vi is Steinberg if each s; equals p — 1.

Normalize Hodge-Tate weights in such a way that all Hodge-Tate weights of the
cyclotomic character are equal to —1. Consistent with the conventions in [EG1],

we say that a representation p : Gk — GLa(F,) has Serre weight V. if p has a

crystalline lift p : Gx — GL2(Q,,) that satisfies the following condition: For each
embedding o; : k — F, there is an embedding &, : K — Q, lifting o; such that the
&; labeled Hodge-Tate weights of r are {t;,s; +¢; + 1}, and the remaining (e — 1) f
pairs of Hodge-Tate weights of r are all {0, 1}. In this situation, we say V; . € W (p).

Let X3 yed, or simply X, be the reduced part of the Emerton-Gee stack for two-
dimensional representations of Gg. It is defined over F and is an algebraic stack
of pure dimension ef. The irreducible components of X’ are indexed by the non-
Steinberg Serre weights. For a non-Steinberg Serre weight V7., we denote the
corresponding irreducible component by Xy . If " is a finite field extension of I,
then Ay, (F') is the groupoid of representations 7 : Ggx — GLy(F') with Vis €
W(p).

We will consider the s;’s and t;’s associated to the Serre weight V;jg to have
indices in Z/fZ via the identification of the set T with a set of representatives of
Z/fZ. We will similarly consider the indexing set of the embeddings o;’s to be

7 fZ.

1.5. Acknowledgements. I thank my advisor David Savitt for sharing the prob-
lem with me along with his insights on it, as well as providing continual guidance
and support. I would also like to thank Karol Koziol and Brandon Levin for helpful
conversations.

2. EXTENSIONS OF SERRE WEIGHTS

Denote by T the group GLy(k), by K the group GLy(Ok) and by K,, the group
1+ 7" M3(Ok) for n € Zsg. Our objective in this section is to compute when
extensions of Serre weights are non-trivial, for use later.
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: e e
We will sometimes write V7 ; as ®f 1(dett’ ®Sym*F )Fr' """ where I acts on

SymsJIE‘ via the natural embeddlng I' — GLy(F) induced by oy—1. The exponen-
tiation by Frf~'=7 denotes precomposition of the action of I by the (f — 1 — j)-th
power of the (arithmetic) Frobenius map.

Proposition 2.1. The conditions for non-triviality of ExtF(V;5 » Vi 7) are given
as follows:
(i) If p> 2, f > 1, then ExtF(Vt o Vi g
two conditions are satisfied:
(a) 3j € Z/fZ such that s; = s; fori # j—1,j; s5_; = sj_1 —1;

) # 0 if and only if one of the following

f=1 e . .
si =p—s;—2; and Z:o tpf=1=1 = Z:Otipf’lﬂ + (85 + V)p/=1-9
1= 7=
mod p/ — 1.
(b)EIjGZ/stuchthats—szforz;«é]—lj, L= s+ 1

s =p—s;—2; and z‘; thpf—17i = ,2% tipf 17— (p—s; — )pf =1
mod pf — 1.

(i) If p > 2, f =1, then ExtF(Vt » Vi ﬂ) = 0 if and only if one of the following
two conditions are satisfied:

(a) so<p—2;8,=p—380—3; and t, =to+so+1 mod p—1.
(b) so #0,p—1; S6=p—80—1’ and ty, =to + so mod p — 1.

(i) If p=2, f > 1, then ExtF(Vt » Vi ~) # 0 if and only if the central charac-
ters for Vi - and V/ 5 are the same as well as, 3j € Z) fZ such that s, = s;
fori#j—1,5; J_l—sj 1+1; andsj—p—s]—Q.

(iv) If p=2, f =1, then ExtF(Vt » Vi a) # 0 if and only if s{, = so = 0; and
th = t,.

Moreover, Exti (Vi ., V5

73 Vi o) always has dimension < 1.

Proof. In order to compute ExtF(Vt # Vi 5), we need to compute the second socle
layer of the injective hull of V, o+ Note that if an F-vector space V with I' action
is injective as an SLy(k) module then it is also injective as a I' module. This is
because any SLs (k) module map ¢ can be lifted to a I' module map by replacing it

with [FTZ(,C)] e%:/H 9(¢). Therefore, we need to find a I' module containing V
g

9”

so that it is the injective hull of Vj; 5 as an SL2(k) module and compute its second
socle layer.

Beyond this point, the steps are precisely as in [AJL], while carefully tracking
through the twists by powers of the determinant. The final result (stated in the
proposition) is then obtained in the same manner as [AJL, Cor. 4.5].

For p = 2, note that if V' is a non-trivial I' extension of V; . by V;;, =, then the
central characters of V- and Vj; 5 are the same (this holds true for any p). This

is because F[X(I)] is semlslmple, where X'(T") is the center of T'. Therefore, by
twisting by a square root of the central character (possible since p = 2), V' can
be assumed to be a non-trivial F[PGLQ( )] = F[SLy (k)] extension. And therefore,
ExtF(Vt Vi 5) # 0 implies that ExtF[SL (k)](Vt Vi 5) # 0. On the other hand,

s t,s
every non-trivial F[SLy(k)] extension is a non-trivial F[PGLa(k)] extension, and
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therefore, a non-trivial I' extension. It follows that Extf (Vi Vi 5) # 0 <

,87 't

EX%[SLQ(I«)}(VEé” Vi) # 0. The conditions for the latter are described in the
paragraph preceding Corollary 4.5 in [AJL]. O

Remark 2.2. Ext%[SLz(k)](VEg, Vi 7) = 0 implies Extp(Vy;, V; 5) = 0. This is
because any F[SLy(k)] splitting ¢ can be upgraded to a I' splitting by replacing it

g€T/SLa(k)

In order to compute Exty (V;. V; 5), we will use the Grothendieck spectral

3 Vi
sequence. Let o be a F[I'] representation, seen via inflation as a F[K] representation.
The Grothendieck spectral sequence gives us the following left exact sequence:

HY(Ky,0))
By [BP, Prop. 5.1], we have the following description of H*(Ky, o).

5

(2.2.1) 0 — Extp(Vz;,0) = Exty (Vi 0) — Homp (V;

7‘57 1'5’

Proposition 2.3. (i)
-1 L
Hl(lcl,a)%@o@(Vg@det_l)FT 1@0
i=0 i=1

where Vs is the subspace spanned by (?)i’ﬂQ_i n Symzﬁ2 where I' acts via

the embedding I' — GLa(F) induced by op_1;
d = dimg Hom(1 + 7Ok, F) for p # 2 and d = dimgHom(1 4+ 7Ok, F) — f
forp=2. o
(i) Under the above isomorphism, an element 0f0®(V2®det_1)FTf_l_z can be
seen explicitly as a map (cocycle) K1 — o via the following correspondence:
a0 eoe(Vadet ) ww kla Ky o
a®2ijeo®(Va@det ) ws ga i Ky o

a@i co®(Va@det )T wn klai Ky o

where

KL Ltma b ek — i(c)eF

P e 1+ 7d ! %

(1t ma b cK . (a—d) cF
€ me 14+ wd ! gila@

w. (1+7a b 4 =
/Qi.< e 1+7Td>elC1 — oi(a) €F

(i1i) The summand @?:10 C HY(Ki,0) corresponds to maps Ky — o that
factor through the determinant and are not given by any of the cocyles
appearing in @} o ® (Vo ® det=1)Fr’

Corollary 2.4. Ext}c(x%, VY 5) # 0 if and only if Extg (Vi g, Vy ) # 0.

t’,s’ .80 Nt

Proof. Using (2.2.1), Exty (V5

t,5”

or Homp(Vag,Hl(lCl, Vi a) #0.

V-

7 ool
t',s

) # 0 implies that either EXt%(VYt“,;, Vi) #0,
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Either way, the central character is the same for V;; and Vj This is auto-

t/ /
matically true if ExtF(Vt # Vi 4) # 0 because the group algebra of the center of I'
is semisimple. If Homr(V; ¢, H (K1,Vi 5)) # 0, we use the description in Propo-

sition 2.3 and the fact that Vo ® det_1 has trivial central character. Therefore
f-1 . f=
Sop/ (2t + s5) = E p/ =172t + 8%) mod p! —1.

Jj=0 . J_
Twisting by det_ J‘Z::O pfilij(%ﬁsj), we obtain:
Extk(Vyz. Vi ) # 0
= Exte(VopsaV g g5)= EXt}C(V”*v VV*) #0
O
Corollary 2.5. Ext,C(Vt Vi ) # 0 if and only if Exty (V; 3 Vig) #0.
Proof.
Bxty (Vo Vi 7) # 0
= ExtK(V{g, Vté/ 5)#0 (by Corollary 2.4)
= Ext,C(V7 7 Viz) #0 (by taking duals)
O

Proposition 2.6. Let Vis and Vt, o be a pair of non-isomorphic, non-Steinberg
Serre weights. One shows up in the first Ky group cohomology of the other if and
only if, after interchanging Vi and V, o if necessary, there exists i € {0,..., f —1}
such that
(i) Forp > 2,
® 5 =542,
o Forj#1, sjzsg- and
o Y pfTlity=—pfTTi 4 3 p/ 719t mod pf — 1.
JET JET
(i) Forp =2,
o5, =s,+1,
e Forj#i,s;=s; and
e The central characters of the two Serre weights are the same.
Further, for a pair of such non-isomorphic, non-Steinberg Serre weights, the
multiplicity of appearance of one in the first K1 group cohomology of the other is at
most 1.

Proof. The proof for p > 2 is covered by Proposition 5.4 and Corollary 5.5 in [BP]).

For p = 2, we first make the following observation. If Homp(V; ., HY(K1, Vs 2)) #
0, we can twist both sides by the square root of the central character and obtain
an inclusion of Vi into H'(K1,Vj ;) as PGLy(k) = SLy(k) representations. On
the other hand, suppose Vj . — H1(1C17 s =) as SLa(k) representations and the
central characters of V s and V, o are the same. Then this inclusion is easily seen
to be an inclusion as T- representatlons.

Therefore, assuming the central characters of V; - and Vi o are the same, we only

need to find criteria for inclusion of VF sin H 1(IC1, V

7o) as SLQ( ) representations.
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To emphasize disregarding the determinant twists, we will denote by L(7) or by
L(>- p/~'77r;) the irreducible SLy(k) representation ®§;&(Sym”F2)F’“fflﬂ where
r; € [0,p — 1] for each j and SLy(k) acts on Sym”F2 via oy : SLo(k) = SLy(F).
By Proposition 2.3, H (K4, J) = @{;OI(L(Q) ® VQFTf_%l) @?:1 L(s') as SLqy(k)
representations. As L(5) % L(s’), we need to understand when L(5) embeds into
LS @VE 7 2 (s @ L) for a given i.
(1) s, = 0. Then L(s') ® L(1)F™" """ is irreducible and isomorphic to L(3),
where s; = 1 and s; = s; for j # .
(2) s; =1. Then

LE e L™ = Ls)™ T e e Lis)™ @ (L)@ L)
pf—2-1 70
®L(si)™ @@ L(sh_,)"

I

f—1-0 f—i f—1—i
L(sp)™ @@ L(si_)"  ©Q1(0)""
®L(sg+1)Frf72ﬂ ® L(s}_l)”o

where Q1(0) is a self-dual representation of Loewy length 3, with composition fac-
tors L(0), L(2), L(0) by [AJL, Lem. 3.1]. In fact, [AJL, Lem. 3.1] says that Q1(0)
is a direct summand of (SymlF2 ® Symlﬁz)F Tf*lfi, but by comparing dimensions,
they are equal. As SLy(FF) representations:

—1—1

f—1-0

®---@L(s, )" @ L)’
®L(s;+1)FTf72ii ® - L(s}_l)FTO

L(sp)""

i

o (L ()" @ @ L(si )T @ Qo) >
sSOoC o
®L(s§+1)FTf Tee® L(slffl)FTO
f—1-0 =i pf—1—i
Q1(sp)"" ®--@Qi(si)"  @Q1(0)"
— soc ;o2 r N
®Q1(si41) @ ®Q1(sh_1)
Lisp)™ " oo L) e L)

Il

®L(s§+1)F7'f727i ®-® L(s'ffl)FrO

The isomorphism in the last step is by [AJL, Lem. 3.4]. Using [AJL, Cor. 4.2]
and the assumption that L(8) is not Steinberg, we conclude that L(s) embeds
into L(s') ® L(1)¥™" 77" if and only if L(5) = L(sh))*™ " @0 L(s,_ )" " ®
LO @ Lsi )™ e e Lisy )™

O
Remark 2.7. The explicit calculation of H'(Ky,V; ;) in [BP, Prop. 5.1] shows
that the inflation homomorphism H*(Ky/K2, Vs ) — H'(K1,V; 5) is an isomor-
phism, since each K; cocycle is in fact a K1 /K2 cocycle. By the construction of the
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Grothendieck spectral sequence, this means exactly that

injic (Vi 2)2/ Vi ) socr( nj(Vz 3)/Via 5
r

injc (Vi 5)% Vi inj (Vz *) Vi

Lemma 2.8. Let V;; and V;, 5 bea pair of Serre weights. Then the natural map

EXtIC/ICZ(Vt #»Vig) = EXtK(Vt sV

t’, s

)

socr

) is an isomorphism.

Proof. For a group G with an F-representation o, let inj; (o) denote the injective
hull of o as a smooth F[G] module. Then, for each Serre weight o, inj(o)*»
is an injective /K, module. By injectivity of nji k., (o), there exists a map
inj (o) — inj /i, (0). The kernel of this map must be trivial, by the hull
property of injc(c). By the hull property of inji i, (o), it is forced to be an

Kn as the injective hull of ¢ as a

isomorphism. We will henceforth use injg (o)
K /K, representation.

The explicit calculation of H*(Ky,Vj 7 o) in [BP, Prop. 5.1 | shows that the in-
flation homomorphism H*(K; /K2, Vi 5 ) — HY(K4,V 7 -) is an isomorphism, since
each Ky cocycle is in fact a Ky /Ko cocycle. By the construction of the Grothendieck
spectral sequence, this means exactly that

K K1 o K1
- (ine (V)%= /V; s,) (injx (Vs )/ V7.7)
(2.8.1)  socr 1nJ,<(V7 IV, = socp

(anzc(V;/ FAS
anIC(V ) /V/
ity n. Equivalently, Homr (V; 5, H(K/K2, Vi 5)) is n- dimensional. Let N denote
(inj;c(vﬁ 7) 2/V,7YS7))C1
inje (Vg 5)%1/Vy 5

? with multiplic-

L5’

Now, suppose V; ¢ lives inside the I' socle of

the preimage in inj(Vj /V~ o of V C socr (

Suppose, further, that L & V C socr (IDJ;C(V7 7)/1/t~,75~,)—socr (inj,c(V~, )2/

Then, the preimage inside inj(Vy 5)/Vi I of ij{" C socr

contains L+ N. As L ¢ N, L+ N = L & N, and the multiplicity of V7 in

(inj;c(Vf/ )/ Vi 7)K:1 . . .
socr inj}c(v‘_/:_,),cl‘/ij_l - is > | 4+ n, implying I = 0 by (2.8.1). Therefore,

socr (injx (Vi 7)’C2/V;~, o) = socr(inje (Vi 5)/Viz 7) is an equality.

O
Since /K is a finite group, Ext,lc/,c2 (Vis Vi g) = HY(K/Kq, V2@ Vg 5). The
Grothendieck spectral sequence gives us the followmg left exact sequence:
(2.8.2)
0— H'(D, VY, ® Vg 5) =5 H'(K/K2, VY, @ Vi 5) =5 HY (K1 /Ka, Ve ® Vg )T
Proposition 2.9. Suppose e > 1. Then the res map in (2.8.2) is a splz't surjection.

Proof. e > 1implies that p € 72O . Let O% be the ring of integers for the maximal
unramified subextension inside E over Q,. Therefore k & O% /p — O /w?. This
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gives a splitting of the natural surjection GLa(Ok /m?) — GLa(k) = GL2(O% /p).
We obtain the following split exact sequence:

1 — ’Cl/’CQ IC/ICQ I 1
.

Therefore, K/Ky = K1 /Ko x . For b € T' and a € K1/K3, denote bab~! by a®.

Suppose o is a I' representation (seen via inflation as a IC/KCo representation) and
1 is a cocycle representing a nonzero element of H(K; /Ko, o). As K1/Ks action
is trivial on o, H*(K /K2, 0)l = Z1(K, /Ko, 0)!. T-invariance means precisely that
for b€ T and a € K1 /K2, b~ (a’) = ¥(a).

We define a function § on Ky /K2 x T by setting 6((a, b)) equal to ¥ (a). I claim
that ¢ is a cocyle, i.e., 6((a,b)(a’,b")) = 6((a,b)) + (a,b) - §((a’,V")). Evaluation of
the left hand side gives us:

L.H.S. = 5((ad’, bb'))
= ¢(aa”)
= (a) + ¥(a”)

Evaluation of the right hand side gives us:

R.H.S. = ¢(a) + (a,1)(1,b) - (a’)
=1p(a) + (1,b) - ¥(a’)
=v(a) + (L,0)- (1,671 -w(a”)  (as ¥ is Tinvariant)
= (a) + ¢(a”)
=L.H.S.

This establishes that § is a cocyle and therefore, res map in (2.8.2) is a split
surjection.
a

Corollary 2.10. If e > 1,

Exti (Vie Vi o) = Extt(Veg, Vip o) @ Homp (Vp o, H (K1 /K2, Vi 5))-

,50 Yt st ,50 Yt st

Proof. This is immediate from Proposition 2.9 and the fact that H' (K /K2, VY. ®
Vi )b = Homr (Vg H' (K1 /K2, Vi 5)) by the explicit description in Proposi-

tion 2.3. O

Lemma 2.11. Let p > 2, r < p— 3. Then the following are true:
i) Sym" "2 F° embeds into Sym?F- ® S m"F as a direct summand of multi-
(i) Sy y y
plicity 1.
(ii) Let the obvious basis of SymH'QF2 be given by {w*z""2"F} i p0). Fur-
ther, let a basis 0]"Sym2ﬁ2®SymTF2 be given by {Z7 7> I @a*y" "} 1 e0.21x[0.r]
if > 0, and by {¥7*77 ® 1}jep.2) if 7 = 0. The embedding is given
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(uniquely upto scalar multiplication) as follows:

wh 2k 72 k(k—1) gk 22k
(r+2)(r+1)
k(r+2—k) 1 g1k

20y QK ——————1
YT+ 1)

. r+2-k)(r+1-k) , .
+7?® "y orkel[2,r
Y r+2)(r+1) f 2,7}
1
wz" T — 2xy®jy + 7 T+2xy’“_1 ifr>0
1
w'tlz — 2 " _T_ 2:5“1 zxr ifr>0
wz — Ty ® 1 ifr=0
wr+2 — i'2®l'T
Zr+2 — g2®y7‘

Proof. The first statement is from [BP, Prop. 5.4]. The second statement can be
verified by direct computation. O

Lemma 2.12. Let V¢, a Serre weight. Denote by {®§;&wkﬂ' ng-—kj}(kj)j the ob-

vious basis of Vy.. Use the same notation to denote a basis of V—F—s,;- Then
Vv =V.ies under the following map:
V;ﬂ\’/g — V—t 5,8
®] (wkj ZSj—k‘j)\/ — ®J (}ij)wsj_kj (_Z)k:J
J
Proof. By direct computation. Il

Lemma 2.13. Let p > 2. Consider a pair of non-isomorphic, non-Steinberg Serre
weights Vi - and Vi i satisfying the condition in Proposition 2.6, that is, s; = s;,+2,

sj =8 forj#i and ) pf =it = —pfi e pf’lfjt’- mod p/ — 1.
JET JET

Denote b9®f_1( Fiz#i=ki)V the dual 0f®g qwhi 2%k where {®g oW kizsikil,
gives a basis oth g Let the basis of Vi; 5 be given by {®jf (}xk]y 5=k }

(k33
Then the T-invariant cocyles of H1(1C1/1C27 V5. ®Vs )= HY(K1/K2,V_5

Vi &) are a 1-dimensional subspace spanned by

5'§

KA+ ;B + k'O

where /@l €; and k¥ are homomorphisms K1 /Ko — F defined in Proposition 2.3 and
A, B and C are elements of Vﬂﬁ® V o defined below.

Fors >0,
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Sj Si—ks ] Y A
4 aes (®#i(kj~)w3 M (=2)M) @ (0" 7) | @)

(kj)ji

1 i) ysi—hi (_ )k M ki—2, si+2—k;
Z((k)“’ e Tyt Y

i— Si e
i (‘W(_Z)sz b 1y>

3

+((-2)" @

i\ ek, . ks
B = (®j¢i<kj'>ws'7 b (=2)") @ (@50 | Q)
(kj)ji !
s’
- S\, sk ke o Ki(si+2—ki) g4 s'.+1k->
wsi i(—2)% ® i i i
k_(<k> A S VR
+ (501 (—2) @ gt
sh+2
+ ( siw(=2)* ' ® ! 2%
! s+ 2

$i\ . h A .
Cc = Z (®j7§i (kj>w i k-7(—2)k-7)®(®j¢il‘k-7y J k.;) ®

(Fj)jzi J
slv
S (55 i ayhi g i 2R AL = k) g,
,;(<k>w e ey Y
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Proof. The first step is to compute (H1 (K1/Kq, V{VE, ® ‘/;7’57)> F. By Proposition 2.3,
this group is isomorphic to Homr (V7 4, @{;01 Vi a®(Va ®det—1)Frf*1*i @?:1 Vi a)-
Using Lemma 2.11, V7 ; has a unique (upto scalars) embedding into @{;01 Vi g
(Vo @ det ) @ Vi 7. This embedding may be written as an element of
th/g Vi ® (V2 ® det )" HY(K /K, V2. ®V 5). Employing Proposi-
tion 2.3 to further write this element as an explicit map Ky /Koy — vag ® V;,’;,, we
obtain the following values of A, B and C:

For s} > 0,
A = oY @t @ (@t ) | R
(kj)i#i
i e ki(ki — 1) o g
ki si—ki\V o M\ — 1) g2 si42—k;
;(W e )
+ (w12 ® S 25y
si4+2
+ (wsi)v®xsi)
B = (@50 25 75)Y) @ (2522857 | Q)
(k)i
i (whez5 ko) wxm—lysm_ki)
k=2 (s;+2)(s;+1)
1 ,
s;—1\V s;
+<(wz ) ®s;+2y )
S;— 1 s
+ <(w )V e s;+2x >
¢ = > (®jpi(whi 2R Y) @ (@528 ) | (R)

(kj)jzi

ki sikiyv o (SiH2—k)(si+1—Fk;) 4 ) —k;
Z(“” S P P

For s, =0,
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A = = 3 @)Y @ (2.2 R) | @ ()Y @ 1)
(kj)ji

/ 1

B — Lo ki s5—kj;\V kg ijkj \% -

D (@t 257 @ (@505 ) | Q) (w2)” ® 5
(kj)ji

¢ = D (@whiz )Y @ (@patiyti ) | Q) ()Y @ 1)
(kj)jsi

Using Lemma 2.12, we can rewrite elements in V%Vg as elements of V_; - ., giving
; ,
us the desired answer. |

Our next order of business is to check if a [-invariant cocycle in H* (K1 /Ka, V%VSJX)
Vig) = HY(K1/Ko, V_p_ g2 ® Vy 5) is in the image of the res map in (2.8.2).
Therefore, we will try and extend such a cocyle to KC. However, instead of extending
it to all of IC, we will first focus our attention on extending it to the subgroup of

generated by the upper unipotent and diagonal matrices.

Proposition 2.14. Let e = 1. Consider a pair of non-isomorphic, weakly reg-
ular Serre weights Vo and Vi 5 satisfying the conditions in Proposition 2.6. In
particular,

Homp (Vy ., H' (K1, V; 5) #0

Then res is the zero map and inf in (2.8.2) is an isomorphism, implying that
Exty (Vi g Va ) # 0 iff Ethl“(VF,gv Vi g) #0.

,87 't

Proof. We will show the following stronger result. Let p > 2, and let V;; and Vj;

t’,s’

satisfy:

s; = s + 2,
sj = sj for j # 1,
Sip1 <p—1, and

pr_l_jtj = p/~17t 4 pr_l_jt;- mod pf — 1.
JET JET

Then res is the zero map and inf in (2.8.2) is an isomorphism. (Note that the
above conditions on p, § and s are automatically implied by the hypotheses in the
statement of the Proposition.)

We will assume without loss of generality that 7 =0.

Our proof will show that there is no way to extend a I'-invariant cocycle ¢ €
HY(K1 /K2, V_7 5,5 ® Vi z) simultaneously to upper unipotent and diagonal ma-

trices with 1 in the bottom right entry. We denote these two groups by U and D
respectively. We let U(a) = <(1) Cf), and D(t) = ((t) (1)>
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First, we give a basis of V_z - -® V; 5. We note that:
Vips:@Vaa=

(det ™™ @ Sym™®F )" @ ... @ (det ™1 @ Sym* )
@(det 1 @ Sym* )T @ (det T @ Sym i F)F T g
®(det ™1 @ Sym*r 1) Fr’
(det’ ® Symsaﬁ)F’”F1 ® (det® ® Syms’lﬁ)ﬂf” S ...
@(det’ ® Syms/f—lﬁz)lw0

This can be viewed as a tensor of 2f terms, each term being a tensor of a
determinant power and a symmetric power. The first f terms correspond to those
coming from V_j_; - and for each such term, a basis is given by homogeneous degree
s; monomials in variables w and z. Here, w corresponds to the first standard basis

—2
element of ', while z corresponds to the second standard basis element. The last
f terms correspond to those coming from V; 5 and for each such term, a basis

/

is given by homogeneous degree s’ monomials in variables x and y. As before, x

J
corresponds to the first standard basis element of Fz, while y corresponds to the
second standard basis element.

Denote by W the F subspace of Viiz:® V;,”;, spanned by {(®§;01w’fj 257k ®
YOy R ® ys/ffl}(kj)j. Evidently, W is a quotient as a (U, D) C K represen-
tation. We now define a further partial order on the indexing set of the basis of W.
Let (k;); and (k}); be two indices, where (k;); corresponds to the basis element

(®§;01wkf 257 k) @y @y @ - ®y* -1 while (K}); corresponds to the basis el-
ement (®£:_&wk3' zsj_k;) QYH QY @@y 1. If Kk > k; for all j, then we say

that (k;); is a descendant of (k});. More precisely, if > (kj — k;) =n > 0, we say
J

that (k;); is a n-descendant of (k});. Alternatively, we say (k}); is an n-ascendant
of (kj);, or (kj); is a —n-ascendant of (k});, or (k7); is a —n-descendant of (k;);.

Now, take k! A+¢; B+k“C to be the cocycle defined in Lemma 2.13. Denote by 1
the restriction of this cocycle to (U, D)NK. Then ¢ = ¢;B+x¥C. Suppose it has an
extension to (U, D). On composing the extension with the quotient map V_z_ 55®
Vi 7 — W, we obtain a cocycle valued in W, which we denote by ¢g. Denote by
d(k,), the coordinates of ¢ corresponding to the basis vector (®§c;01wkf 257k ®
y53 ® ysll R ® ys/ffl. [Cautionary note about the notation: here the exponent of
w is kj, whereas in Lemma 2.13, s; — k; is the exponent of w].

From the definition of ¥, q(,), lunk # 0 if and only if k; = s; for all j. Further,
q(k;),;Iprc # 0 if and only if k; = s; — 1 = s] + 1 and k; = s; = s for all j # i.
Each (®§;01wkasf_kf) QY0 @yt @ - @yt € W is an eigenvector for D(t)
with eigenvalue t)‘(’“-f)i, where A1), is the unique number in [0,pf — 1) that is
equivalent to >, pf =19 (ky — s%) +pf =1 7i(k; — 8L — 1) mod pf — 1. We make
some observations about A,

(1) Ax;);, = 0if and only if k; = s + 1 and k; = s/, for all j # i if and only if
(k;); D # 0.
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(2) A;), are evidently pairwise distinct.
(3) Suppose (k;); # (s5);. Then Ay, # p/ ~'~! for any 1 € [0, f — 1].
To see this, suppose on the contrary that mod pf — 1,

S TP T (y — ) 4 p T (k- s 1) = p!

J#i
Equivalently,
(2.14.1) S ook = p s 4l T (s 4 1)+ p
J VED)

We have three subcases:
e If [ = i, then the right hand side of (2.14.1) is Y. p/~17Js;. As
jeT—{i
each s; is less than or equal to p — 1, and at least (in}e s; is strictly
less than p — 1 (by assumption), k; is forced to equal s; for each j, a
contradiction.

eIfl #iands; <p—1, 8 +1<p—1 Futher, sj+1 < p-—1,
because s; = s; + 2 < p — 1. Therefore, both the right and left hand
sides have all coefficients of p/ =17 less than or equal to p — 1, and at
least one coefficient strictly less than p — 1, forcing right and left hand
side coefficients to be the same. But this is a contradiction, since the
coefficient of p/ 1= clearly differs as for each j, ki <s;.

e Ifl #iand s; =p—1, s,+ 1 = p. By carrying over to obtain the
coefficient of each pf=177 in the [0, p — 1] range, we see that the right
hand side (2.14.1) is equivalent to a number with the coefficient of
p/~17™ equal to s, + 1 for some m € [[—1,i+1]. Thus both the right
and left hand sides can be made to have all coefficients of pf=1=7 less
than or equal to p — 1, and at least one coefficient strictly less than
p — 1. Thus the coeflicients on the two sides after carry must be the
same. However, k., is necessarily < s,,, giving a contradiction.

For each (k;);, since D acts diagonally on W, gy, |p is a cocycle D — F(Ax),),
where F(A(kj)j) is a one-dimensional F-vector space with action of D(t) given by
multiplication with ¢**i . Note that D = O =2 k* x (1+70k). Therefore, when
q(k,;); DA = 0, qu;),|p can be seen as a cocycle k* — F(A@,),). For non-zero

Aky); s gg* 5)‘““]'5' = 0, because if 5 is the generator of the cyclic group k*,

é)‘“j)j Z 5)‘(’%')]' = Z(gg))‘(’“ﬂj = Z 5’\%;‘):',

gek= cek= cek=
It follows that H™(k*, F(A,), )) = F/(£* —1)F = 0. Therefore, when
), IDnic = 0, there exists a(xy, € IF such that qq,), (D(€)) = £ A(k;); — O(ky), -
When q(k;), Dk # 0, let a,y, = 0. Adjust the cocycle ¢ by the coboundary
given by the vector whose coordinate corresponding to (®§;Olwkj 257k @ %o @
ysll ® - ® ys/ffl is —a(y,,. Therefore, we may assume that when q,),[pnxc =0,
q(k,;),|p = 0. When gy, |prxc # 0, since A,), = 0, q(x,),|p is a group homomor-
phism &* x (1+70k) = D — F. Since order of k* is prlme to p, q,), (D(k*)) = 0.

Therefore, regardless of (k;);, we have q,),(D(k*)) = 0.
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Our next order of business is to understand each q;); |- Note that U = O.
Except when k; = s; for all j, qx,),|u(r0,) = 0 (as remarked earlier) and therefore,
q(k,),|u can be seen as a map on Ok /m. Since D(§)U(a) = U({a)D(§) for § € k*
and a € O /m, we have the following for all (k;); # (s;);:

(2.14.2)
4 g, (U()) = iy, (DU (@) = gy, (U(€)D(E)) = qui,), (U ()

Therefore, replacing « with 1 and & with « (this covers all the cases since
q(k;),(U(0)) is already 0 because q(,); |unxc = 0), we obtain for all (k;); # (s;);:

(2.14.3) Gk, (U(@) = i gy (U(1))

Now, we do an inductive argument to show that q(,), v = 0 for all (k;); # (s5);-
Suppose q(x,),lv = 0 for each m-ascendant (k;); of (0);, where —1 < m <
(5>~ sj) — 1. The base case with m = —1 is automatic, because (0); has no descen-

J
dants. We will show that q(,),|v = 0 for each m + 1-ascendant (k;); of (0);.

Fix an m + l-ascendant (k;); of (0);. Take (k}); to be a l-ascendant of (k;);
(therefore, an m + 2-ascendant of (0);).

Since ¢ is a cocycle, we have for each 0 # o € Ok /m:

;) (U(a) + qeer, (U (1) +

J
o1\ Se )
> I(72p))e a0, (1)
;N

(1j)j€1-descendants
of (k; )j

= ), (Ul + 1))

= ), (U1 + )

= 4y, UD) + ), T+ Y II ( - i) 4a,), (U ()

(lj );j €1-descendants
of (k%);
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Therefore,

s;—1; Spf T (R —ly)
> (2] a0, (U(D)
;N

(1) €1-descendants
of (k; )j

. IT( 75 ) oo, @)

(1j);€1-descendants
of (kf);

_ T 1 (Sj - lj) o g (U(1) (by (2.14.3))

si — k'
(1) €1-descendants J g
of (k;-)j

Therefore, each « € k* satisfies the following polynomial in x:

55—l Ay,
Z H (5j _ k;) q(lj)j(U(l))$

(1), €1-descendants J
of (kj);

. Sl 1)
— ) 1 J
> (I(7Z0) e

(1;);E1-descendants \ Jj 7 J
of (k});

If non-zero, this polynomial is of degree less than pf — 1, with at least |k*|

distinct roots, a contradiction. Note that Y p/~'=7 (k} — ;) = p! 71T for some
J

mq,) € [0, f —1]. .
Since Ay, does not equal any of the Sopft- (K} —1;) terms, the coefficient of

J
25 s (HJ (i;::z)) q(x;),(U(1)) and it must equal 0. This implies that gy, [v =
0 by (2.14.3).

Finally, we come to the last leg of the proof. Because q(,), | = 0 for each (k;); #
(5) 5 4sp); (Ul + B)) = qs;), (U(a)) + q(s,), (U(B)). Therefore q(s,),(U(p)) =
P4(s;),(U(1)) = 0. However, q),lunc = kjlunc (from the definition of C' in
Lemma 2.13). As p is the uniformizer of Ok, k¥ (U(p)) # 0, giving a contradiction.

O

3. STACK DIMENSIONS AND EXTENSIONS OF Gg CHARACTERS

Let o and 7 be a pair of non-Steinberg, non-isomorphic Serre weights. We record
a fact from [DDR] and [Ste] that we will use in this section. Suppose x1 and x2 are
distinct G characters such that the subspace of Ext%[GK} (x2,x1) corresponding to
representations with Serre weights both o and 7 has dimension d. Suppose x} and
X5 are unramified twists of x1 and x2 respectively. If x} # x5, then the subspace
of Ext%[GK] (x4, x}) that corresponds to representations with Serre weights o and

also has dimension d. If on the other hand, x} = x4, then a (d + 1)-dimensional



INTERSECTIONS OF COMPONENTS OF EMERTON-GEE STACK FOR GLs 19

1

subspace of ExtF[GK

}(x’Q, X]) corresponds to representations with Serre weights o
and 7.

We now make a few definitions, before stating our main propositions relating
dimensions of closed substacks of X' to vector space dimensions of extensions of G g

characters.

Definition 3.1. Let x; and x2 be a pair of F-valued Gg characters. We say that
a set Fy, y, of G-representations with F-coefficients is a family of representations
if each representation in F,, y, is an extension of an unramified twist of x2 by an
unramified twist of .

Definition 3.2. Consider G,, x G,, as parametrizing the unramified twists of 1
and xo via the value of the unramified characters on Frobgx. We say that the
family F,, v, is of dimension < d (resp. of dimension d) if there exists a dense
open subset W of G, X G, such that the following condition is satisfied: if x| and
X5 are unramified twists of x; and x2 (respectively) corresponding to an F-point
of W, then the extensions in EXt%[GK](X/Qﬂxll) giving elements of F,, ,, form a
subspace of dimension < d (resp. of dimension d).

Definition 3.3. We say that two families Fy, y, and Fy; ,, are separated if x}
and x5 are not both unramified twists of x; and x2 respectively.

We now recall some constructions from [EG2, Sec. 5] before stating our main
propositions. We note first that there exist finitely many F-valued characters of
I that admit extensions to Gg. Each such character is in fact valued in F and
is described uniquely by a = (a;);er with each a; € [0,p — 1] and at least some
a; < p—1. Let A be the set of such f tuples. Then for a € A, the corresponding
Ix character is given by [ ;. wi*[1,. Fix an extension of such a character to G,
and denote it by 1,. When each a; = 0, take ¢, = 1. When each a; = e and p > 2,
take 1), to be the mod p cyclotomic character, €.

Let M be the rank 1 (p,T')-module over G,, := Spec F[z,r7!] generated by
some v € M such that ¢(v) = zv and T' action is trivial. By applying the functor
D defined in [EG1, Sec. 3.6], we obtain a set of (¢, I')-modules {D(t,) }aca defined
over F. Let M, denote the (p,I')-module D(¢),) ¥ M defined over G,,. For a
subscheme Spec R C G, we will denote by M,|spec r the (¢, I')-module obtained
by changing scalars to R. Let X, = G,, when 1, is not trivial or cyclotomic, and
let Xo = Gy, ~ {1} when 1), is trivial or cyclotomic.

The cohomology groups of C*(M,|x, ), the Herr complex associated to M,|x, by
[EG1, Sec. 5], vanish in degrees 0 and 2 (the latter by Tate local duality). Therefore,
as the cohomology group in degree 1 gives a coherent sheaf on X, of constant rank
[K : Q] by the local Euler characteristic formula, it is a locally free sheaf. Denoting
the total space of this sheaf by V,, we obtain a space parameterizing extensions of
D(1) by M,|x,, the former viewed as a (¢,I')-module over X, by extension of
scalars from F to the global sections on X,. Thus, for each b € A, twisting further
by My, there exists a map

fa7bZVaXGm—>X
corresponding to the universal extension of D(1) ¥ M, by M,|x, & M,. Note that
G x Gy, acts on extensions of D(1) X My, by M,|x, ® M,, for e.g. as described in
[EG2, Sec. 7.3]. Since D(1) # M,|x,, the induced map

fap: VaxGn)/(Gm X Gp) = X
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is a monomorphism. There exists a map
Tab : Vo X Gy = Bap = Xq X Gy

induced by the structure map V, — X, and the identity map G,,, — G,,,. The map
Ta,p corresponds to choices of unramified twists of D(1),) and D(v;) respectively.

Now, we consider the Herr complex associated to D(1), denoted C*(D(1)). Each
of the cohomology groups is a finite dimensional vector space over F. The con-
siderations in [EG2, Sec. 5.4] show that for any F-algebra R, H'(C*(D(1)gr)) =
HY(C*(D(1)) ® R, where D(1) is the (¢,T')-module obtained from D(1) by ex-
tending the scalars to R. Therefore, the total space of the invertible sheaf on SpecF
corresponding to H*(C*(D(1)) parameterizes extensions of D(1) by itself. Thus,
denoting this total space by Vi, we can define a map

f17b:V1><Gm—>X

giving the universal extension of D(1)X M, by D(1) X M,,. In this case, in addition
to G,, X G,,, there is an action of the upper unipotent group U on extensions of
D(1) X M, by D(1) X My, thus giving a map

fl,b:(vl XGm)/(Gm X G, XU)—)X

Denote by 5 the projection of V; x G,,, onto the second factor.

Finally, when p > 2, we consider the Herr complex associated to D(e), denoted
C*(D(e)). As before, viewing the finite dimensional degree 1 cohomology group as
an invertible sheaf on a point, the total space gives a vector bundle V. defined over
Spec F that parameterizes extensions of D(1) by D(¢). Thus, we have a map

fep : Vex Gy — X
giving the universal extension of D(1) X M, by D(e) X M,. The induced map

fer : (Ve xGp)/(Gm x Gp) — X

is a monomorphism. Denote by m; the projection of V. x G,, onto the second
factor.

By construction, each finite type point of X’ corresponding to a reducible repre-
sentation is in the image of one of the (finitely many) f,.p, f1,5 and fe, maps.

Now, consider the set of isomorphism classes of irreducible 2-dimensional rep-
resentations defined over F. For each such representation p, there exists a map
SpecF — &', which in turn can be used to write a map f5 : G,,, = X corresponding
to D(p) X M. The finite type points in the image correspond to all the unramified
twists of p. Since the automorphisms of irreducible representations are precisely
the invertible scalars, f5 factors via the monomorphism

?ﬁ: G /Gy] — X.

Since there are only finitely many isomorphism classes of irreducible 2-dimensional
representations upto unramified twists, the finite type points of X corresponding
to irreducible representations lie in the image of one of f5 for finitely many p.

Fix non-Steinberg Serre weights ¢ and 7. Denoting by £ the intersection of X,
with X, for each a € A, let Y, := & X, V. We also define Y1, := € xx, Vip
and Yy := & X, Vep. The maps 743y, ,, T16|v,, and 7eply, , will henceforth be
written simply as mqp, m1,5 and mep.
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Proposition 3.4. Let d > 0. Suppose all families of representations contained
in E(F) are of dimension < d, and moreover, E(F) contains at least one family of
dimension d. Then the following are true:

(i) € has dimension d.
(i) If d > 0, the number of d-dimensional components in £ equals the number

of d-dimensional pairwise separated families contained in €.

(i1i) Let d =0, and let

C:={p: Gk — GLy(F) | p is semisimple}/ ~

where p ~ p' if p and p' are isomorphic as I representations. Then the
number of d-dimensional components in € equals |C)|.

The proof of this proposition will use the following lemmas.

Lemma 3.5. Let x1 and X2 be fivred G characters. Suppose E(F) contains a
family F,, ., of representations of dimension d. Suppose moreover that there is no
other family of extensions of x2 by x1 contained in E(F) with dimension > d. Let
a,b € A be such that 1y, is an unramified twist of xo, while ¥, @y is an unramified
twist of x1. Then the following are true:

(i) The dimension of the scheme-theoretic image of Y4 is < d.
(i) The number of d-dimensional components in the scheme-theoretic image of

Proof.

Y, 18 at most 1.

(1) Let g be a closed point of B, 3, and after fixing an embedding x(q) —

F, let § be the corresponding F-point of Bgp. By the construction of By,

representations coming from Y, ;(F) are never an extension of a character

by itself. Therefore, the hypotheses in the statement of the Lemma force
W;;(Q) (F) to be a vector space of dimension < d. We have:

Since the F-points of ﬂ';ll)(q) form a vector space, the reduced induced

closed subscheme of W;é(q) must be cut out by homogeneous linear equa-
tions in Vg X Gy, X k(q) and thus be irreducible of dimension equal to the
F-vector space dimension of W;ll)(Q) (F).

Let S be an irreducible component of Y, ;. Denote by f, 5(S) the scheme-
theoretic image of S. By [Sta, Tag 0DS4], there exists a dense set U C S

such that for any p € U(F), the dimension of f, ,(9) is given by:

dim fa,b(S) =dim S — dimp(sfa,b(p)> = dimpS - dimP(Sfa,b(:D))
where,
dim,, S < dim 7, (7a,5(p)) + dim (74,5(5))

Restrict U further if necessary so that it is disjoint from other irreducible
components of Y. Then for p a closed point in U, since 7, ;(mq5(p)) is
irreducible, it is contained entirely in some irreducible Compo}lent of Y, p.
By the conditions on U, W;i(ﬂa,b(p)) C S. Therefore, dim,(Sy, ,(») =
dim,, (Ya ) s, ,(p)- Since faply,, factors through the quotient Yor/(Gp, %
Gy, we obtain:

dimp(Sfa,b(p)) = dimp(ya,b)fa,b(P) =2

Therefore the dimension of scheme-theoretic image of S is < d — (2 —
dim (74,5(5))) < d.
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(ii) Fori € {1,2}, suppose S’ is an irreducible component of Y, , with a scheme-
theoretic image of dimension d. Let U’ be the dense open subset of S
obtained by taking the complement of all other irreducible components of
Y, . Therefore, 74 4(U?) = 744(S?) = Bap. Since m,,(U?) is constructible,
it contains a dense open W? of Bap. Let W = WInW?2. If ¢ is a closed

point of W, W;é(q) is irreducible and contained entirely in at least one

irreducible component of Y, ;. But since for each i, W(;ll,(q) N U? is non-

empty and disjoint from all irreducible components of Y, ; apart from S?,
S! must be the same as S?. This shows that at most one irreducible
component of Y, , can have a d-dimensional scheme-theoretic image.

O

Lemma 3.6. For each b € A, the scheme theoretic images of fcp and of fi1, are
strictly less than d.

Proof. The proof follows the same ideas as the proof of Lemma 3.5. The reduction
in dimension for the scheme-theoretic image of f;; arises from the fact that mp :
Vi x G, = G,, has dimension 1 less than the target of 7, ; along with the fact
that fip factors through (Vi x G,,)/(Gy X Gy, x U). When p > 2, the reduction in
dimension for the scheme-theoretic image of f ; arises from the fact that the target
of the map . : Ve x G,, = Gy, has dimension 1 less than the target of 7,5 O

Lemma 3.7. Let x1 and X2 be fived G characters. Suppose E(F) contains a
family F,, y, of representations of dimension d. Suppose moreover that there is no
other family of extensions of x2 by x1 contained in E(F) with dimension > d. Let
a,b € A be such that 1y, is an unramified twist of xo, while ¥, @y is an unramified
twist of x1. Then the scheme-theoretic image of Yo has dimension d.

Proof. By the construction of B, p, representations coming from Y, ;(IF) are never
extensions of a character by itself. Therefore, for each unramified twist of y; and
X2 coming from twisting 1, ® ¥, and v, by unramified characters corresponding to
F-points of B, the space of extensions giving representations contained in £ (TF)
is precisely d-dimensional.

As m,p is of finite type over an integral scheme, there exists a dense open W of
B, such that over W, m,; is flat.

Let ¢ be a closed point of W. Fix an embedding of x(q) into F to view ¢ as
a F-point g. By hypothesis, (Y,5)7(F) has the structure of a F-vector space of
dimension d. Therefore, (Y 5)7 (and hence (Y, 3)q) is irreducible of dimension d.

By flatness over W, dim Y, |w = dim (Y, 4)s+2 = d+2. Therefore, there exists
an irreducible component S of Y, p|w with dimension d+ 2. Denote by f, (S) the
scheme-theoretic image of S. As in the proof of Lemma 3.5, there exists a dense
open subset U of S, such that for all p € U,

dim f,;(S) = dim S — dimy, (Sy(p))
and
dimp(sfa,b(P)) =2

Therefore, the dimension of f, ;5(S), and of Y, 3, is precisely d (it cannot exceed
d by Lemma 3.5). O
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Proof of Proposition 3.4. Recall that each reducible representation is in the literal
image of either fqp or fi, or fip for some a,b € A. Moreover, irreducible rep-
resentations contribute to finitely many zero-dimensional substacks of £ by the
description of the maps ?ﬁ for p irreducible.

Therefore, the first statement follows from Lemmas 3.5 and 3.6, which also show
that each d-dimensional family contains precisely one d-dimensional component in
its closure.

Now assume that ) is a top dimensional component in £ contained in the closure
of two separated d-dimensional families Fy, y, and F,: ,,. Then there exist unique
a,a’,b,b' € A so that (g, ) and (¢, 1y ) are unramified twists of (x1,x2) and
(X1, x5) respectively. Therefore, Y is in the scheme-theoretic image of both Y, ,,
and Y, (this uses Lemma 3.6 which shows that the scheme-theoretic image of
Y1, and Y. is necessarily of dimension less than d).

Let W (resp. W’) be a dense open subset of By (resp. By ) for each g €
Ba(F) (resp. G € By (F)), each F point of (Y, )7 (vesp. (Yarpr)7) corresponds
to a representation contained in Fy, y, (resp. Fy; v, )-

By the arguments in Lemma 3.7, ) is contained in the scheme-theoretic image of
an irreducible component S (resp. S’) of Yy p|lw (vesp. Y ,[w-). Since the images
of |S| and of |S’| in || are constructible sets dense in Y, there exists a dense open
U of |Y| contained in both |S| and |S’|. If (a,b) # (a’,V’), then this means that
(a,b) = (b/,d’) and U contains only split extensions. Therefore, families of split
extensions are dense in Y. If d > 0, this is an impossibility because the split locus
correspond to a dimension 2 closed substack of Y, ; whose scheme-theoretic image
has dimension 0 by the arguments in Lemmas 3.5 and 3.7. This settles the second
statement, and along with the fact that the image of each ?ﬁ is 0-dimensional,
settles the third statement as well. O

4. COMPUTATIONS OF SERRE WEIGHTS

4.1. Linear algebraic formulation for Serre weights of G x-representations.
In the subsequent text, we will write our f-tuples with decreasing indices. We recall
some relevant results from [Ste] and [DDR] below. Let 5 be a G representation

of the form (%1 ;2> € Extch(F(Xz),F(Xl)).

Vi s 1s a Serre weight of pY if and only if Vi s is a Serre weight of p in the sense
of [Ste] and [DDR]. Thus Vi is a Serre weight of 5" iff the following conditions
are met:

(1) There exists a subset J of T, and for each i € T there exists x; € [0,e — 1]
such that:

(4.1.1) Xalne = [J @l [Jws ™ I wi

i€l icJ icJe

and

(412) X2|IK — H wfi Hwie—l—a:i H wfﬁ_e_wi

€T i€J icJe
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(2) 7 € L, .(F(), F(x2)) C Extls, (F(x2), F(x1)), where Ly, (F(x1), F(x2))
(or just Ly. . if x1 and x2 are understood) is a particular distinguished
subspace.

g

_as given

g

Assuming (4.1.1) and (4.1.2), we now note the recipe for obtaining Ly;.
in [Ste], with slight differences in notation.

We first write Xa|r,c = [[;erw! [L;epwi™ for the unique m; € [0,p — 1] with
not all m; equal to p — 1. Let S be the set of f-tuples of non-negative integers
(ag_1,ap_2,...,a0) satisfying xa|r, = [Tiepwi’ [L;erw and a; € [0,e — 1] U [s; +
1, 8; + €] for all i. Evidently, S is non-empty.

For i # f — 1, let v; be the f-tuple (0,...,0,p, —1,0,...,0) with —1 in ¢ position,
pin ¢ + 1 position and 0 everywhere else. Let v;_1 be (—=1,0,...,0,p). Then there
exists a subset A C T such that

(413) (mf_l,...,mo)—FZvi es

i€EA
Definition 4.2. Define A, to be the minimal A satisfying (4.1.3), in the sense
that it is contained in any other subset of T satisfying (4.1.3).

Definition 4.3. Given (mjs_1,...,mg) and Anin as above.

(4.3.1) (Y15 s%0) o= (Mp_1,smo) + > 0 ES
1€ Amin
(4.3.2) zi = 8; +e—y; for all

The indices of y;’s and z;’s will be interpreted to be elements of Z/ fZ.

Remark 4.4. x1 = [Lierwi* [Licr wfi, X2 = [Lier wy? [Licr wf‘ and X2_1X1 =
[Lerwi ™.

Definition 4.5. If y; > s; + 1, let Z; := [0,2; — 1], and if y; < s; + 1, let Z; :=
{yi} U[si + 1, 2; — 1]. Here the interval [0, z; — 1] is interpreted as the empty set if
z; — 1 < 0. We follow similar convention for [s; + 1,2; — 1] when z; — 1 < s; + 1.

Remark 4.6. Whene=1,7Z;, ={0}ify; =0and Z; = 0 if y; = s; + 1.

Remark 4.7. If y; > s; + 1, then |Z;] < e — 1 with equality if and only if y; = s; + 1.
If y; < s;+ 1, then since z; < s; + e, |Z;| < e with equality if and only if z; = s; + ¢
or equivalently, y; = 0.

Suppose x5 X1 = [Licrwi® for a; € [1,p] and not all a; = p. We will extend the
indices of the a; to all of Z by setting a; = a; if j = j* mod f. We call the tuple
(af_1,...,a0) the tame signature of x5 x1. Gal(k/F,) = (Frob) = Z/fZ acts on
such tuples (ay_1,...,ap) via

(471) Frob - (af_l, ...,ao) = (ag,af_l, ...,al)

Let f’ be the cardinality of the orbit of (af_1, ..., ag) under the action of Gal(k/F)),
and let f":= f/f".

Definition 4.8. Let n; € [0,p/ — 1) be such that x5 ' x1|7, = W/ |1,
Note that n; = n; iff i = j mod f’.
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Definition 4.9. For i € T, let

f-1
(4.9.1) Xi = (Zigjr1 — Yirjrr)p! 1
=0
(4.9.2) &= -1+
Definition 4.10. Let J(?;{(Xl,xg) denote the subset of all & = (m,k) € Z X

{0, ..., f"" — 1} satisfying:

(i) 3i € T and u € T;, such that if v is the p-adic valuation of & — u(p’ — 1),
then
& —ulp/ —1)
I’z

(ii) Let 4, € {0, ..., f'—1} be such that m = n;,, mod pf —1. It exists because
by the above, p*m = n; mod pf — 1, and so, m = n,;_,. We require that x
satisfies

(4.10.2) im +rf ' =i—v mod f

(4.10.1) m =

By [Ste, Prop. 3.13], for each i € T' and u € Z;, there exists a unique « satisfying
the conditions above. By [Ste, Thm. 3.16], each « in Jé_g (x1,x2) gives a unique
basis element of L‘/{E(Xl,xg), denoted as c,. L‘/{’g(xl,yxg) is the span of ¢,’s
together with additional, distinguished basis elements cyu, if x5 11 is trivial and
Cyy if X;1X1 is cyclotomic, [],cp w™t ® yo is unramified and s; = p— 1 for all i. A
consequence of these results is that

(4.10.3) dimgLv, (x1,x2) = Y _ |Ti| + 6
ieT
where § depends on the situation and could be 0 or 1 for p > 2, and 0, 1 or 2 for
p=2. It is always 0 if x5 11 is neither trivial nor cyclotomic.
Consider two Serre weights Vig and Vp;, Suppose there exist subsets J and J’
of T, and for each i € T, there exist z;, 2} € [0,e — 1] such that:

_ t sitlda; i _ ¢ si+l+e] i
(4104)  xalne = [J ot []«; [T wr=T1w IIw II i

€T ieJ ieJe €T e’ ieJ’e
and
(4.10.5)
) 11— Site—m; t e—1—x} site—x
Xolre = le@, wa 1—x; H w:,,+€ T _ Hwiz H W i H Wi i
€T ieJ ieJe €T ieJ’ ieJ’e

Then a basis for the intersection of Ly, _(x1,x2) with LV{/ , (X1, x2) is given by
¢ for a € J{j‘;{(xl,xg) NJAH (x1,x2), together with c,, and/or ¢y, if x5 'x1 is
, & t/,s!
trivial and/or cyclotomic with some additional conditions.
When e = 1, there is another algorithm to specify a basis of Ly _(x1, x2), given

in [DDR]. We recall some essentials of this algorithm because it will be conve-
nient/shorter to use it for some of the calculations in the unramified case.
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Definition 4.11. Let Jp,.. = {i € Z/fZ]y; = 0}, where y; are as defined in
Definition 4.3.

Definition 4.12. Let (af_1,...,a0) be the tame signature of Xglxl. The func-
tion 0 : Z — Z is defined in the following way: For j € Z, 6(j) = j unless
(@i—1,Gi—2,...,a;) = (p,p — 1,...,p — 1) for some j < i, in which case 6(j) = .
When j =i —1, the condition (a;—1, a;—2,...,a;) = (p,p—1,...,p— 1) is interpreted
as a; = p.

0 induces a function Z/fZ — Z/ fZ, also denoted by 0.

Let J be a subset of Z/fZ. 1f 6(J) C J, pu(J) := J. Else choose some [i1] €
§(J) ~ J and let j; be the largest integer such that j; < 41, [j1] € J and §(j1) = 41.
If J = {[jl,...,[Jr]} with j1 > jo > ... > j. > j1 — f, define i,, for k € [2,7]
inductively as follows:

jx, otherwise

i = {6(jn)7 if imfl >5(jn)

Then u(J) := {[i1], ..., [i]}-

When e = 1, Ly.. _(x1, x2) has a basis given by certain elements of Exték (F(x2),F(x1))
indexed by 7 € pu(Jmas) along with ¢y, and/or ¢ if x5 1y is trivial and/or cyclo-
tomic with some additional conditions.

We now state the criterion for determining the Serre weights associated to an
irreducible G representation, when K = Q,. It can be stated for arbitrary K,
but this paper will only need the case K = Q,.

Let p be an irreducible G, representation. Let 1, and 72 be the two level 2
fundamental characters of Ig,. V', is a Serre weight of p iff p = n{**n} @ nini**.
4.13. Translation from Linear Algebra to Geometry of Stacks. Let V; . and
V5 5 be non-isomorphic, non-Steinberg Serre weights. The closure of irreducible
F-representations is 0-dimensional. Thus, unless K = Qp, we only need to consider
closures of families of reducible representations in order to detect codimension 1
intersections between irreducible components. On the other hand, if K = Q,, then
by Proposition 3.4, we additionally need to consider when Xy, , N &y, , contains
irreducible finite type points. This last point is dealt with easily.

Lemma 4.14. When K = Q,, Xy, , N&Xy, ., contains irreducible finite type points
if and only if s =p—1—sandt =t+s mod p— 1.

Proof. By the algorithm for computing Serre weights, we need to determine when
MmO @ mny T =0y Ty @npny T

Since V; s and Vis o are non-isomorphic and non-Steinberg, the relationship between

(t,s) and (¢, s") follows immediately. O

Remark 4.15. The criterion in the statement of Lemma 4.14 is the same as that in
Proposition 2.1(ii)(b).

Using Proposition 3.4, we can state a sufficient (and necessary when K # Q)
condition for XV{ N Xvﬁ ., to be codimension 1: there exist Gy characters x

g

and x2 so that after replaéing x1 and xo by generic unramified twists, the subspace
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Pl Vi Vi g eW(p)}C Extg, (F(xi"),F(x3 ")) has dimension ef —1. By generic
unramlﬁed twists we mean that if we let G, X Gy, parametrize the unramified
twists of x1 and 2 via the value of the unramified characters on Frobg, then the
statement is true for the points of a dense open subset of G,, x G,,. Equivalently,
LVM(Xl,Xg) N LV7 7(X1,X2) - ExtGK(IB‘(XQ),]F(Xl)) is spanned by ef — 1 basis
elements excludmg Cun and cq..

Therefore, we must find Gg characters y; and X2 such that there exist subsets
J and J' of T, and for each i € T, there exist x;,2; € [0,e — 1] such that (4.10.4)
and (4.10.5) are satisfied. We next require that |J _(Xl,Xg) N JV_ S xe)| =

ef — 1. This can happen in one of two ways.

Definition 4.16. We say that a pair of Serre weights Vi and Vj; 5

I intersection witnessed by (x1,x2) if |J{+ 4(X17X2)| = ef while |J{#H s xe)| =

have a type

ef —1. The ordering of the pair of Serre Welghts is not important for thls definition.

Definition 4.17. We say that a pair of Serre weights V;; and Vj 5 have a type

t, s

IT intersection witnessed by (x1,x2) if J“‘ff{(xl,xg) = Jp (Xl,xg) of cardinality
t,s t!,s!
ef — 1.

We will say that the number of separated families in a type I (resp. type II)
intersection for the Serre weights V- and Vj 5 is n if there exist exactly n pairs
of Gg characters that witness the type I (rebp. type II) intersection, such that
each pair is distinct from all others upon restriction to Ix. By Proposition 3.4,
if K # Qp, the number of irreducible components of XVZ,; N Xvﬁ P of dimension
[K : Qp] — 1 equals the number of separated families in either a tyf)e I or a type IT
intersection for the Serre weights V7 - and V

For the remainder of this article, we may assume that s, s’ do not have all com-
ponents equal to p — 1 since we are excluding Steinberg components from analysis.
Finally, since we are interested in intersections of different irreducible components,
we may assume that Vo # V; Pz

Lemma 4.18. |J{ ?(XhXQ)‘ =ef if and only if x1 = [Liepwi' " [Licpwi® and
Xl = HieTWi :
Proof. By Remarks 4.4 and 4.7, |JAH(X17 x2)| = ef implies that x1|r, = [[;crwi’ =

[Ticpwi*® and x2|1, = [[;erw? = 1. On the other hand, starting with these
x1 and X2, we can compute Ap, as in Definition 4.2. In this case, we observe
that (myg_1,...,mg) = (0, ...,0) as x2|r,, = 1. J = 0 satisfies the criterion for Amyin,
and we obtain that y; = 0 and z; = s; + e for all 7. By Remark 4.7, we get that
‘Jva (x1,x2)| = ef, as desired. O

Definition 4.19. Let x1, x2 be two characters and V; ; be a Serre weight satisfying
the conditions in Lemma 4.18. Then, we say that V; o 1s the highest weight associ-
ated to the pair (x1,x2). It is uniquely determined since not all s; can be p — 1.
Moreover, knowing the highest weight determines the pair (x1, x2) after restriction
to IK

Let V.. = Vi ;. Then for any pY € ExtGK (F(x2),F(x1)), we say that Xv, _ is the

highest wezght component containing p.
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Remark 4.20. The number of separated families in a type I intersection can be at
most 2, because one of the two Serre weights has to be the highest weight.

Lemma 4.21. |JA57 (x1,Xx2)| = ef—1 if and only if one of the following conditions

is satisfied:

(i) There exists an i € T such that x1 = wf ™! [T, w;ﬁe [jer w;-j and x2 =

wiitt HjeT wﬁj, and moreover, s; <p—2, and if f =1 then s; <p— 2.

2
(i) e = 1, f > 1 and there exists ani € T such that x; = w{ ™! [T w;j+e [Lier wj.j,

X2 = wiitt [Ler W, s;=p—1 and s;_1 > 0.

:
(iii) e > 1 and there exists ani € T such that x; = w ! I wj-ﬁe [er oJ;j,

X2 = wj HjETw;j, and s; # 0.
In the first two situations above, y; = s, +1 and y; = 0 for all j # i (recall
Definition 4.3). On the other hand, if y; = s; +1 and y; = 0 for all j # i, then one

of the two above must be satisfied.
The third situation is equivalent to y; =1, y; = 0 for all j # 1 along with s; # 0.

Proof. By Remark 4.7, if \J{j‘f7 (x1,x2)] = ef — 1 then one of the following two

s

conditions must be satisfied:

(1) There exists ¢ € T such that y; = s; + 1 and for j # ¢, y; = 0. This implies
that y; = w{™' [T w;j+e [Ler w;'.j and xp = w't! HjeTw;j. On the
other hand, starting with such x; and y2, twisting them by [ jer w;tj and
applying the recipe to compute Amin (Definition 4.10), y; and z; (Defini-
tion 4.3), we branch into two scenarios:

(a) Ifs; <p—2for f >1and < p—2for f =1, then Apin =0, y; = s;+1
and y; = 0 for j # 4, giving \J“;‘{If(xl,xzﬂ =ef—1

(b) If s;, =p — 1, then y2 ® HjeTw;tj =[ler w;nj, where m;_; = 1 and
m; = 0 if j # 7 — 1. Note that this automatically implies that f > 1,
since we are assuming our Serre weights are non-Steinberg. We can
obtain the desired values of y;’s if and only if (my_1,...,mg) is not
already in S of Definition 4.2. In other words, if and only if e = 1 and
si—1 # 0.

(ii) There exists ¢ € T such that y; = 1, s; # 0 (this is to enforce distinction
from the condition above) and y; = 0 when j # . Note that this auto-
matically implies that e > 1, and that y; = w ¢! [z wjﬁe [Ler w;j
and y2 = wj; HjeT w;j. On the other hand, starting with such x; and xa,

twisting them by ] jer wj_tj and applying the recipe to compute Amin, y;
and z;, we obtain that Ay, = 0, y; = 1 and y; = 0 for ¢ # j, and we get
the correct cardinality of J“;‘tlf (x1,X2)-

,3

O

Remark 4.22. In the cases Lemma 4.21(i) and Lemma 4.21(ii),

-1 _, e—2—s; sjte
X2 X1 =W B2

i



INTERSECTIONS OF COMPONENTS OF EMERTON-GEE STACK FOR GLs 29

In the case Lemma 4.21(iii),

W™ 24s; sjt+e
X2 Xl W

J#i
Remark 4.23. When e = 1, the cases Lemma 4.21(i) and Lemma 4.21(ii) are to-
gether equivalent to Jypax = Z/fZ \ [i].

Before launching into computations of Type I and I intersections, we introduce
some more notation. When comparing f-tuples § and s , we will often only state
the values of s; and s} that have specific constraints or are potentially different
from each other. If the values of s; or s, are not specified, then we assume that
s; = s;. If no range is specified for s;, we mean that beyond any relations that it
must satisfy with respect to s}, the value of s; can be anything in [0, p—1]. Further,
if we say (..., $4,...) = (..., € [a,]], ...), we mean that s; can take any value € [a,b].
Similar notational assumptions apply with the roles of s; and s interchanged.
Finally, we say that a tuple (b;_1,b5_2, ..., bo) is equivalent to (b},l, }72, ey 0g) if
S b = T o 1T mod pf - 1L

We will retain the symbols y;, z;, Z;, A; and &; as defined in Definitions 4.3, 4.5
and 4.9 for V;;, and will replace them respectively with y;, 2, Z/, Aj and &; for
Vi o and with g, 2/, T}, X and &' for Vi 5.

5. TYPE I INTERSECTIONS

In this section, we will compute criteria for existence of a pair of characters
(x1,x2) witnessing a type I intersection for Serre weights Viz and VF/ 5, with
[ T3 (X1, x2)| = ef and |JAﬂH« (x1x2)| = ef — L T3 (x1:x2)| = ef — 1 can
happen via one of three ways as enumerated in Lemma 4 21 In all three situations,
we may assume without loss of generality that 4 in the statements of Lemma 4.21(i ),
Lemma 4.21(ii) and Lemma 4.21(iii) is f — 1. We will also count the number of
families contributing to a type I intersection when Viz and Vj; 5 are both weakly

regular. (In the general case, the information can still be gleaned directly from
the computations that follow, but we omit the explicit description for the sake of
clarity).

5.1. Type I intersections when f = 1. We will omit subscripts of components
of f-tuples in this section as f = 1.

5.1.1. Case 1. |J _(x1;x2)| = ef — 1 via Lemma 4.21(i).
Suppose p=2. The non-Steinberg condition requires that s = s’ = 0. Plugging
in s and s’ in the expressions for xs (using Lemmas 4.18 and 4.21), we get t =t/ + 1
mod p — 1. This gives t = ¢’ and shows that Vi s and Vi g are isomorphic, a
contradiction. Therefore, we may assume p > 2.
Comparing the two ways of writing x5 lxl, we obtain:
ste=e—2—s5 modp-—1 <
§=-2-5s=p—-3—5 modp—1
This gives one of the following two situations:
(1) s<p-3 = =p—s-3.
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(2) s=p—-2 = s'=p-—2.

In both situations, comparing the two ways of writing x2, we obtain that ¢’ +
s’+1=t modp—1. In other words ' =t +p—5s' —2=t+s+1 modp— 1.

The second situation therefore implies that V; = th -, which is a contradiction.
The first situation is equivalent to the conditions in Proposmon 2. 1(11)( ) imply-
ing that ExtF[GL (k)](Vt » Vi S/) # 0. Since it is symmetric in s and s’, whenever

1
EXt*[GL (k)] (V; g Vt’ s/

intersection for Vn and V* 2

) # 0, there exist two separated families witnessing a type I

5.1.2. Case 2. |JAH (x1,x2)| = ef — 1 via Lemma 4.21(iii). Implicit in this case

ise>1andp> 2, the latter since s’ is not allowed to be 0.
Comparing the two ways of writing x5 ' x1, we obtain:

ste=e—2+s modp—1 <—
(5.1.1) §=s5+2 modp—1

This gives one of the following two situations:

(1) s<p—-3 = ' =s+2.
(2) s=p—-3 = ¢ =0.
B) s=p—-2 = ¢ =1

In both situations, comparing the two ways of writing 2, we obtain that ¢’ =
—14+t=p—2+4t mod p— 1. By comparing with Proposition 2.1, we notice that
the first s1tuat10n implies Homgp, k) (Vg H (Gk, Vi 7)) # 0 (Propomtlon 2.6),

the second implies Ext]F[ Lo (h )](Vt 5 Vi) # 0 via Proposfmon 2.1(ii)(a) and the
third implies EXtF[GL k )](Vt S,V ) ;é 0 via Proposition 2.1(ii)(b). Notice that
the relationship between s and s’ is asymmetric in all three situations, unless p = 3

in which case the second and third situations are symmetric.
The above calculations may be summarized in the following proposition:

Proposition 5.2. Let f = 1. A Type I intersection occurs with non-isomorphic,
non-Steinberg Serre weights Vi - and Vj i if and only if one of the following holds
true:

(i) EXtF[GL (k)](Vt 5 Vi 3) # 0 via Proposition 2.1(ii)(a). In this case, 2 fam-
ilies witness the type I intersection.

(i) e > 1 and HomGLz(k)(Vts,H (Gk,Vz g)) # 0. In this case, 1 family
witnesses the type I intersection.

(iti) e >1 and s =p—2,s =1,d = —-1+d mod p— 1. In this case, the
number of families witnessing the type I intersection is 1 unless p = 3, in
which case the number is 2.

Note that the non-isomorphic, non- Stemberg condition automatically forces p >
2. Further, the last statement implies Ext: Vi S,Va ) # 0 via Proposi-

tion 2.1(ii)(b).

FGLa( k)](

5.3. Type I intersections when f > 1.



INTERSECTIONS OF COMPONENTS OF EMERTON-GEE STACK FOR GLs 31

5.3.1. Case 1. : |JHH (x1,x2)| = ef — 1 via Lemma 4.21(i) or via Lemma 4.21(ii).

7,5
Comparing the two ways of writing 5 1y1, we obtain the following equivalences
mod pf — 1 upto translating all indices by a fixed element of Z/ fZ:

f-2

pr_l_j(8j+6) = e—2—s'f,1+pr_1_j(s;-+e) =
JET j=0
F-2
JeET j=0
£-3
=p—spa—2+4p(sh— 1)+ ) /s
=0

Therefore, for a fixed §, s is forced to be unique since each s, € 10,p — 1], and
the non-Steinberg condition requires that not all s} can be p — 1. Similarly, for a
fixed s’ , §is forced to be unique.

We have a number of possible cases :

(i) Suppose s} _; <p—2,8; 5=35; 3=..=5}_ ,=0ands}_; ;,>1, where
1> 1.

(p—sp_1 =28 o= 1,8 5,08 481 489 isssp) =
(p—5%1—2,-1,0,..,0,87 1 ;8% o 4 ..., 50)

(p— s/f_l —2,p—1,p—1,...,p—1, s/f_l_i -1, s/f_2_i, ey 50)
Therefore, s¢_1 = p — 5}71 — 2, 8f9 =8f3=..=8f; =p—1,

Sf_1—; = 5}7171. —1<p—-2ands; = s; for all the remaining j’s.
(ii) Suppose 5/f—1 <p-3, s'f_2 = s’f_3 =..=s,=0.
(p—55_1—2,87 o — 1,85 3,...,50) = (p—s5_, —2,-1,0,...,0)
= (pi S/f—l - 3ap7 17p - 17"'7p7 1)

We get sf_lzp—5}71—3§p—3, Sf_og=6p_3=..=8sy=p— L.

(iii) Suppose s’ | =p—2,5} , =35} 3=..=s5;=0.
(p—s5_1 2,84 9 —1,57_3,....,50) = (0,-1,0, ..., 0)

= (pf 1ap7 2ap7 ]-7 Y e 1)
Hence, sy_> = p — 2 and all the other s;’s equal p — 1.

The remaining cases require |J{#+7 (x1,x2)| = ef — 1 via Lemma 4.21(ii), and
t/,s!
implicitly, e = 1.

(iv) Suppose s} ; =p—1, 5} 5> 1.
(p—55 1 =28 o= 1,87 3,..,80) = (=1,87 5 —1,8%_3,...,50)
=(p-— 1,5}_2 — 2,s'f_3, ey 50)

Therefore, s;_1 =p—1, sp_o = 5}72 —2and s; = s} for the remaining j’s.
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(v) Suppose f > 2, Slf—l =p—1, s’JL2 =1, 5}73 = s’ff4 =..= s}ﬂ- =0 and

s’fflii > 1 for some 7 > 2.

(p o S{f*l - 27 8}72 - 1’ 8‘1]“73’ ceey Slffzﬁ Slffl,»” 5}‘7277;, ey S
(_170707"'7Oa8/ffl,7;75},27i,...,S
p—-Lp—1,p—1,...,p— 1,3}_1_i — 1,3}_2_1-, ey 50)

Therefore, sy 1 = sf_ 9 = ... =sp; =p—1, sp_1_; = slf—l—i —

s; = s} for all the other j’s.

(vi) Suppose f = 2, 5}71 =p-—1, 5}72 =1.
(p— S/f—l - 2,5}—2 -D)=(-1,0=(p-2,p-1)
Therefore, s;_1 =p—2and sy_g =p— 1.
(vii) Suppose f > 2, S/f_l =p-1, s}_Q =1 and s’f_3 =..=s,=0.
(p—sf_ 12,8 9 —1,57_3,....,50) = (~1,0,0,...,0)

= (pf 2ap7 1ap7 17 P 1)
Therefore, sf_; = p—2 and s; = p — 1 for all the other j’s.

The results of the computations are summarized in the proposition below.

—

Proposition 5.4. Let f > 1. Consider pairs (5, s') satisfying:

e Not all s;, as well as not all 8;-, are p— 1.

1 s -5’ =2 _9 s
. Hf_o wy? = wy o H;;O w;’, where sj,s% € [0,p —1];

ey =58y +t1landy; =0 for j # f—1 (y; are as defined in Defini-

tion 4.3).

Below is an enumeration of all such pairs.

(i) (Sf=1,8f—2,-Sf—isSf—1-i) = (€ [0,p—2],p—1,....,p—1,€ [0,p—2]), where

S [17.]0 - 1]7
(8% 1s8f—9ses 881 ) = (P =851 —2,0,...,0, 871 + 1).

(it) (sf-1,8f—2,...,50) = (€ [0,p—=3l,p—1,...,p—1);
(8% 1587 _9y80) = (p— 3 —5¢-1,0,...,0).
This only makes sense if p > 3.

(iii) (sf—1,5¢—2,8f-3,..,5) =@ —1,p—2,p—1,..,p—1);
(8% _1587_9:8%_3,-80) = (p—2,0,0,...,0).

When e = 1, we additionally have:

(“}) (Sf*178f*2) = (p - 1a € [Oap - 3])’
(3;‘71’53‘—2) =(p—1s7-2+2).
This only makes sense if p > 3.

(v) f>2,

(Sf—l,Sf—Q,Sf—:}, "'an—iasf—l—i) = (p717p717p7177p715 S [071’)72})7

where © € [2, f — 1];
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/ / / / /
(Sffla Sf72a 3f73"'7 5f7i7 Sfflfi) = (p - 17 1707 "'707 Sf-1—i + 1)

(vi) f=2,
(sf—1,8p—2)=(—2,p—1);
(Slf—laS/f—Q) = (p - 1a 1)

(vii) f > 2,
(Sffla Sf—2,8f—35y 80) = (p - 2,p - 17p - 13 P 1);
(8/f—17 s’f_2, s’f_g, 8y)=((-11,0,..,0).

Comparing the two ways of writing x2, we obtain:

prljt—i—sfl—l—l prljt mod pf —1 «—
JET JET

(5.4.1) pr_l_jt; =-1-5p,+ pr_l_jtj mod pf —
JET JET
5.4.1. Case 2. : |JA517 (x1,x2)| = ef — 1 via Lemma 4.21(iii). Implicit in this case

is that e > 1.
Comparing the two ways of writing 5 1x1, we obtain the following equivalences
mod pf — 1:

pr’l’j(stre) = e—-2+s; ,+ Z (s e) =

JjeT J#f-1

Sopf (s +1) = spy—1+ Y pIT(s+1) =
p J - f—1 D Fi

jer iti-1
(5.4.2) pr_l_jsj s —24+ Z p s
jer i#f -1
Proposition 5.5. Let f > 1 and e > 1.
Consider pairs (5, s') satisfymg'

HJ 0 wgf :w;f o H] 0 wsv, where s;,55 € [0,p—1];
Not all 55, as well as not all s are p— 1. Also, 5}71 #0
Yy_1 =1 andy; =0 for j # f — 1 (y; are as defined in Definition 4.3).

After reindexing if necessary, § and s satisfy one of the below:
(Z) Sf—1 < p— 3;
5}71 =sp_1+2.
This only makes sense if p > 3.

(it) (Sf—1,8f—2,...,Sj—isSf—1—i) = (p—1,p—1,....,p—1,€ [0,p—2]), where
P> 1
(s’f_17 5}—27 . s’f_i, s’f_l_i) =(1,0,...,0,s5—;—1 + 1).

(111) (sy—1,87-2,..,80)=(pP—2,p—1,...,p—1);
(5}71759727 "'756) = (1707 70)

Comparing the two ways of writing y2, we obtain:
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(5.5.1) pr_l_jt;- =-1+ pr_l_jtj mod p/ —
JET jer
It is evident that when each s; and each s} is < p — 1, the relationship between
§and § described in Propositions 5.4 and 5.5 is asymmetric.
The calculations for type 1 intersections are summarized below.

Proposition 5.6. Let f > 1. Vis and Vi 7 be a pair of non-isomorphic, non-
Steinberg Serre weights. Then there exist GK characters x1 and x2 such that
\J (xl,xg)\ =ef, |J . 4(X1,X2)| = ef — 1 if and only if one of the following
18 satzsﬁed
(i) Upto translating the indices by any fixred number, § and s satisfy one of the
conditions in Proposition 5.4 while t and  satisfy (5.4.1) .
(i) Upto translating the indices by any fized number, § and s satisfy one of the
conditions in Proposition 5.5 while t and t' satisfy (5.5.1).

Corollary 5.7. Suppose f > 1 and V. and Vj 7 & are two non-isomorphic weakly
regular Serre weights. Then there exists a type I intersection for the pair if and
only if one of the following holds (upto translating the indices by any fixed number
and/or interchanging Vizand V; 5 if necessary):

(i) §and ¢ satisfy Proposition 5.4(i) with i = 1; while £ and ¢ satisfy (5.4.1).
(i) §and s’ satisfy Proposition 5.5(i); while # and # satisfy (5.5.1).
In other words, if and only if one of the following is true:
( ) EXtF[GL (k)](vt B Vt’ s/) # 0, or
(ii) e > 1 and HomGLQ(k)(Vt s,H (Gk, Vg ﬂ)) #0

Equivalently, if and only if ExtMGL (Ox )](Vt #Vig)#0.

Moreover, exactly 1 family witnesses the type I intersection. When =28 = ”2;1,

S0 = 1“2;3, sy = % and s = p; , interchanging § and s also satisfies Proposi-
tion 5.4(i) after shifting the indices by 1. However, in this case the computations
of £ and # show that the situation is not symmetric, and we still have just 1 family

witnessing the intersection.

Proof. By Propositions 2.1, 2.6 and 2.14 and corollary 2.10. O

6. TYPE Il INTERSECTIONS

In this section, we will compute criteria for existence of a pair of characters
(x1, x2) witnessing a type II intersection for (non-isomorphic and non-Steinberg)
Serre weights Vi g ; and V7 7. Thus, we will determine if x; and xo exist such that

t//
Jv7 7(XlaXz) = J{;‘f . (thg) of cardinality ef — 1. We will denote the highest

Welght associated to the pair by V; . A family witnessing a type II intersection
necessarily also witnesses two type I intersections, one for the Serre weights Vig
and V;, 2 and the other for Vg s and Vt?,’;,, thus it gives a triple intersection of
codimension 1. On the other hand, every such triple intersection must involve a
type II intersection.

6.1. Type II intersections when f = 1. We will omit subscripts of components
of f-tuples in this section as f = 1.
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6.1.1. Case 1. : |J{2f1/(x1, X2)| = |J{;‘f ., (x1, x2)| = ef—1, both via Lemma 4.21(i)
or both via Lemma 4.21(iii). It is immediate that this forces Vs o and V7 7 to be
isomorphic, a contradiction.

6.1.2. Case 2. : ‘J{%{{/(Xl,XQH = ef — 1 via Lemma 4.21(1) (Lemma 4.21(ii) is
not possible because non-Steinberg); |J{}ff L (x1,x2)| = ef —1 via Lemma 4.21(iii).

Lemma 4.21(iii) assumes that e > 1.
Comparing ways of writing x5 %1 using Remark 4.22, we have

e—2—-s=e—-2+s"=s+¢ modp-—1

(6.1.1) — s'=p-1-4,
s =p—3—s,
s'=5+2

Comparing ways of writing o using Lemma 4.21, we obtain:

s+1+t'=14+t"=t modp—1

(6.1.2) — t'=t+5
=t+s+1
=1+t

By stipulation in Lemma 4.21(i), s’ # p — 2. Therefore, s’ < p — 3, and since
(t',s") #£ (t",5"), s < p— 3, the equivalences in (6.1.1) are equalities and p > 3.

Notice the nature of type I intersection for Vig and Vj 5. It corresponds to
EX%%GL2“M(V%£3¥@1§):#()VkiProposﬁhMJQ.lﬁD(a) On the other hand, the type I
intersection for ‘/;g and V7 5 corresponds to Homgr, () (‘/;g, H'(Gp, Vi 1)) # 0.

Imposing the above conditions, we now calculate 3/, y”, 2/, 2", ', Z”, ¢ and £”,

and compare JAti, (x1, x2) with J“if{sl, (x1,X2)-

By Lemma 4.21, 4’ =s'+ 1 and 2/ =e—1, while y’ =1 and 2" = s" +e— 1.
Therefore
T =1[0,e— 2]
" ={1}u[s" +1,8" + e — 2]
f=p-De-1+(-2-5)
'=p-1E" te-1)+(e—2+5")
As o/ variesin 77, & —u/(p—1) = (p—1)v' + (e — 2 —¢') with v’ taking up values
in [1,e — 1]. Similarly, as u” varies in Z”,
= (p—1)= (p—1)0" +(e—2+s") wherev” € [l,e —2]U{s" +e— 2}
p—1v"+e—2—5+(p—1) wherev” €[l,e—2]U{p—3—5"+e}
= p—1v"+e—2—5", wherev” €[2,e—1]U{p—2—5"+e}
By Definition 4.10, J{%{J/(X]_,XQ) = J{}f . (x1,x2) if and only if for all o' €
[1,e — 1], there exists a v € [2,e — 1] U {p — 2 — ¢’ + e} such that:
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(6.1.3) (p—1)v —i—y(/e —2-4) _ (p— 1" —|—V,(,e —2-4
p p
where v/ is the p-adic valuation of the numerator on L.H.S, while v is that of
the numerator on R.H.S.
The only thing to check then is that (6.1.3) holds for v" = 1 and v” = p—2—s'+e.
Plugging in,

_ _/
(6.1.4) L.HS. = ILUS”
p
(6.1.5)
_ 9 _ o 9 _ o a9 o
RHS — P DP=2=s+e)te-2-5 _plp-3-5+e) ;o

pl/” pu’+1

Therefore, conditions (6.1.1) and (6.1.2) guarantee a type IT intersection, and are
equivalent to the conditions in Proposition 2.1(ii)(b). In this case, the relationship
between the pairs (¢, s’) and (", s’’) is symmetric except when s’ = 1 and s” = p—2.
Therefore the calculations show the existence of 2 separated families (because the
highest weights are distinct) witnessing the type II intersection except when s’ =1
and s’ = p — 2. In the special case s’ =1 and s” = p — 2, there is just 1 family.

Summarizing these findings, we have the proposition below.

Proposition 6.2. Let f = 1. If V; 5 and V;,, g are a pair of non-isomorphic,
non-Steinberg Serre weights, then a type H intersection occurs for the pair if and
only ife>1,p>3 and ExtéLQ(k)(Vﬁ 3+ Vi ) # 0 via Proposition 2.1(ii)(b). In

addition, the following statements are true:

o If(x1,Xx2) witness the type II intersection, then one of the two corresponding
type I intersections witnessed by (x1, x2) arises via Proposition 5.2(i). The
other arises via Proposition 5.2(ii).

e FEach type II intersection is witnessed by 2 separate families except when
s’ =1 and s"" = p — 2, in which case just one family witnesses it.

6.3. Type II intersections when f > 1, e = 1. We will use the algorithm in
[DDR] for this section. Our objective is to find the conditions on V; 5 and V7 7
so that p(J),4.) = (I 4.) of cardinality f — 1, where J;, .. is the subbet of Z/fZ
satisfying the conditions in Definition 4.11 for V~, o while JJ/ . is the corresponding
subset for V7 .

We will find these intersections in two steps. First, we will find V},’;, and Vt7,757,
such that J) .. = Z/fZ — {[f — 1]}, J})us = Z/fZ —{[f — 1 —i]} for some i €
[0 f 1] a’ndwf f ' 1H]€T\{f 1} ]S+1 = w; R 1I_IJET\{f 1— z} ; +1' The
assumption that J/,,. = Z/fZ — {[f — 1]} does not cause any loss of generality. In
the second step, we will compute p(J) ..) and p(J/ ..}, and identify the situations
in which they are the same.

For the first step, we will use the results of Proposition 5.4. Specifically, if

a Vj g exists with J,,, = Z/fZ — {[f — 1]}, then there exists a non-Steinberg

max
Vi s so that the pair (8, ’) satisfies one of the conditions enumerated in Propo-
sition 5.4. This is simply a consequence of Lemma 4.21. Similarly, we can find
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a non-Steinberg V= so that the pair (5,5") satisfies one of the conditions enu-
merated in Propomtlon 5.4 after adding z to eacb index. Since we are i;npos—
ing HJET = wfj{ i H]ET\{f 13 g = W T H]eT\{f 1-ip W wy’ =
11 jer ;’ , we have § = 5. Therefore, in the first step we are looking for Vectors g
that show up in more than one items of the list in Proposition 5.4 (after translating
the indices by adding some fixed integer if necessary). If such a § exits, we will
say that the two items in the list can be cycled with each other, and that one item
is a cycling of the other. The corresponding two $’s (in the notation of the list
in Proposition 5.4) give us our candidate (7, s ) and the reindexing informs us
what i should be. In this situation, since x5 *x1 must equal [ jer Wit it1 the tame
signature (af_1,...,a0) = (sj—1+1,...,50 + 1).

For instance, consider the f—tuple T with (y_1,Z5—2, s Tfom, Tfo1-m) = (€
[O,p—Q],p—l, .,p—1€ [O,p—Q]) for some m € [1, f—4], (a:f_l_i, Tfo2—iyeens xf_,»_k)
(p—1,p—1,..,p—1)forsomei€ [m+1,f—-3], k€2, f—1—diandz;_1_,_j €
[0,p — 2]. Clearly, & satisfies the conditions required of § showing up in Proposi-
tion 5.4(i). If we reindex Z, adding ¢ to the indices mod f, then we see that & can
show up as the §'in Proposition 5.4(v). That is, Proposition 5.4(i) can be cycled with
Proposition 5.4(v). The corresponding two s (in the notation of Proposition 5.4)
that show up in Proposition 5.4(i) and Proposition 5.4(v) are our candidates for s’
and s respectively (in the notation of this proposition). The reindexing tells us
that J! .. ought to be Z/fZ~{[f —1]} and J/ ... ought to be Z/fZ~ {[f — 1 —i]}.

For the second step, we note that §(f —2 — i) = f — 1 — i. Similarly, §(f —
3—4) =f—2—4iand so on until 6(f —i — k) = f —i—k + 1. Therefore
f—i—k¢ u(J!,.), which implies that u(J)) ,.) = Z/fZ~{[f —i — k]}. Similarly,
0(f—2)=f—1andif m > 1, we observe that ¢ causes an increase in index right
until f —m, so that 6(f —m) = f + 1 — m. This forces f —1 —m € p(J} ,.) and
eventually, f —i—k € pu(J! ..). Um=1 f—2—misin u(J),,,) again forcing
f —i—ke M( maac) Hence M( maw) 7& M(J':rlzaw)

We repeat this process by finding all possible cyclings and computing p(J),,.)
and p(J)) ). Instead of showing details for all computations, we will give an
outline. Each § showing up in the list items of Proposition 5.4 has constraints for
the components positioned in some specific way relative to the indices f — 1 and
f —1—m for some m (In the notation of Proposition 5.4, the symbol i is used
instead of m. Here we are using ¢ differently, to indicate the translation of indices).
If this § shows up in another list item after reindexing by adding i mod f, the
constraints for the reindexed second list item will have a description relative to
indices f — 1 and f — 1 — n for some n. After undoing the reindexing, we may
expect to see constraints on § components positioned in a specific away around the
indices given by f—1 and f —1—m (as posed by the specifications of the first list
item), and f —1—i¢ and f —1—1i—n (as posed by the specifications of the second
list item). We will use this notation in the outline below.

(1) Proposition 5.4(i) can be cycled with Proposition 5.4(iv) in the following
possible ways:

(a) i € [m+1,f —2]. Then u(J),.) excludes f —1—i. Ifm > 1,

u(Jmax) excludes f m. If m =1, u(J},,.) excludes f —1. Therefore,
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(b) i=m—12>1. Again, u(J)),,,) excludes f —1—1i = f —m. The same
holds true for p(J),,,) and we have pu(J)), ..) = t(J)az)-

Proposition 5.4(i) can be cycled with Proposition 5.4(v) in the following

possible ways:

(a) iem+1,f—3]and f—1—4i—n % f—1 mod f. The calculations
in the example above show that p(J) ..) # w(J/ ..)-

(b)yiem+1,f-3and f—1—i—n=f—1 mod f. Here, u(J} )
excludes 0, whereas p(J! . .) includes it, making them unequal.

(¢)ie[l,m—2]land f—1—i—n = f—1—m. Here u(J}, ,.) and p(J" ...)
are both of cardinality f — 1 and exclude f — m. Therefore, they are
equal.

Proposition 5.4(ii) can be cycled with Proposition 5.4(iv) with ¢ = f — 1.
w(J) ) excludes f —1 —4¢ = 0. The same is true for u(J),,,), which is
thus equal to u(J)) 40)-
Proposition 5.4(ii) can be cycled with Proposition 5.4(v) with any i €
[1,f — 2]. In this case, both u(J),..) and p(J),.) exclude 0. They are
therefore equal.
Proposition 5.4(iii) can be cycled with Proposition 5.4(v) with ¢ € [0, f —
1] ~ {1}. Both u(J},..) and u(J)),.) exclude f — 1, and are equal.
Proposition 5.4(iii) can be cycled with Proposition 5.4(vi) with ¢ = 1. Both
w(J) ) and p(J) ) exclude f — 1, and are equal.
Proposition 5.4(iii) can be cycled with Proposition 5.4(vii) with ¢ = 1. Both
1)) and p(J)) ) exclude f — 1, and are equal.
Proposition 5.4(iv) can be cycled with Proposition 5.4(v):
(a) i>1, f—1—i—n=f—2. Both pu(J},..) and u(J) ..
and are equal.
b)yi>1, f—-1—i—n#f—2 p(J,,..) exlucdes f — 1, while u(J/ ,..)
excludes f —1i—mn. Therefore, pu(J},0z) 7Z (I} 0z)-
Proposition 5.4(v) can be cycled with Proposition 5.4(vii) with ¢ = m. Both
w(J)0e) and p(J) ) exclude f — i and are equal.

) exclude f—1

Proposition 6.4. Let f > 1, e = 1. There exists a pair of Gi characters (x1, X2)
of highest weight Vi . witnessing a type II intersection for Vi g and Vi g, if and
only if after translating the indices by adding some fixed integer, there exists an
1 € T such that the following are true:

(i) sy 1+ 3020 p! Tt = Pl (s A DA Sy p! T ) = S L el

mod pf — 1.

(i) The vectors s_;, s and § satisfy one of the following conditions:

(a) (S/f—lvslf—w~~vslf—1—iaslf—2—i) = (€ [0,p—2],0,...,0,€ [1,p — 2]) for
some i€ [1,f—2];

(59{717 S¥*27 o 5}*172” Slf/727i) = (p*5}71 727p7 15 P 1a 5}‘,2,7;4’
1);

(8f-1,8f—2y s 8f—1—isSp—2—i) = (P—8}_; —2,p—1,..,p—1,8} 5 ;—

1).
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(b) f>2 and (5}7175972,...,s}flﬂ-,S’f,z,i,slf,gfp~-~75}7m75/f717m) =

(e [0,p—2],0,...,0,0,0,...,0,€ [1,p — 1]) for some m € [3, f —

1];

" 1 1 " ! _ !
(%1, sf 27...,sf_l_z-,sf_Q_i,sf_:;_i,...7sf_m,sf_1_m) = (p—sf_,1—

2,p—1, 1,1,0,...,0,3}7177”) where i € [1,m — 2];

(sfflv Sf—2y 00y Sf—1—iySf—2—isSf—3—is--y Sf—m, sf*lfm) = (p_sllf—l -

2,p—1,.,p=Lp—Lp—1,..,p—1s ,  —1).
(c)i=f—1and (s)_y,55_5,....,81,50) = (€[0,p—3],0,...,0,0);

(851,88t yst) =(p—1=sp_1,p—1,p—Lp—1);

(Sf—1:8f—2,-51,8) =(p—3—s)_,p—1,...,p—1,p—1).

(d) f>2and (Slfflaslff% '~~aslfflfi75}727i’ S,ffoi? ey 80) =
(€ [0,]9 - 3]3 0; "'70,0707 ey 0))

(sf_l,s}_Z,...,s}_l_i,s}’_Q_i,s’JZ_B_i,...756’) =
(p—2-s5_1,p—1,..,p—1,1,0,...,0) where i € [1, f — 2|

(8f—158F=2y ey Sfl—isSf2—is Sf—3—is sy S0) =
(p=3-sf ,p—1..,p=Lp-1Lp—1,..,p-1).

(e) f>2and (Slfflaslff% "'?slffi?8}7171‘78}7272'78}737’&’ ey 80) =
(p-2,0,..,0,0,0,0,...,0);

(8% 128 g8 is 8y 8T o0 8 g s 80) =
0,p—1,...,p—1,p—1,1,0,...,0) where i € [2, f — 1];

(Sf—lasf—Zasf—S, "'780) =
(p—Lp—2p—1..,p—1).

(f) f=2and (8/}(-_1,3'}(._2) = (p—2,0);
(5/;7175;572) = (1,p—1) wherei=1;
(sp-1,8p-2)=(—1,p—2).

(9) f>2 and (Sf 1asf 2a3f 3a3f 4o 80) =
(p—2,0,0,0,..,0);

(s’;_17s’f_2,s;£_37 w0 80)=(0,p—1,1,0,...,0) where i =1;

(Sf—1,5f—2,5f-3,5f_4...,50) =
(pf 17p7 2’p7 lapf 13 s D 1)
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h) f>2and (s _{,8% 0,8 a,....8s 1 .8 o .
=12 f=212f-3 f—1—i2°2f—2—4
=(p-11,0,...,0,€ [1,p — 2]) wherei > 1;

(8% 15805873000 8% 15 Sllf/—Z—i) =
(p - 17p - 17p - 1) P~ 1a8f727i + 1);

(Sf7178f7278f73, "'asfflf’iasffoi) =
(p—Lp—Lp-1,.,p=1s; , ,—1).

(i) f>2,i=f—1and (s}_1,87 4,8} _3,.,81,80) =
(p - 17 17 Oa (a3} Oap - 1)7

(8% 1, 8% _9:8% _3,.81,80) = (1,0,0,...,0,p — 1);

(Sf—175f—27sf—37 "'751a80) = (p - 17p - 17p - 1) P — lap - 2)

Proof. The conditions on s , s" and § are a consequence of the preceding discussion
along with explicit descriptions coming from the list in Proposition 5.4. The con-
dition on ¢ , " and t follow from comparing descriptions of yo using Lemmas 4.18
and 4.21. O

Remark 6.5. In each triple of s, s and § featuring in the list in Proposition 6.4,
at least two of the vectors have some component equal to p — 1.

6.6. Type II intersections when f > 1, ¢ > 1. We will compute the scenarios
in which type II intersections occur for the pair V; 5 and V7 7. In the case of

Vi 5, we will assume without loss of generality that ¢ = f — 1 in the statements of

Lemma 4.21 and that ¢ = 0.
In the following calculations, we will use some extra notation and strategies for
comparing J{#H - (X1, x2) and JAH _ (x1,x2) that we now explain. Given the Serre

weights V7 F and Vi s and sultable G characters y; and x2, we may compute
Y5, Y5, 2 2 Ny A 1., 1" €} and £ using Definitions 4.3, 4.5 and 4.9.

) 7 ) J7 ]’ ] )
Definition 6.7. Fix j € T. V] C Z is defined to satisfy:
& —up’ = Due I} = {(p" — Do+ AjlveVj}
V! C Z is defined to satisfy:
{&f - u(p’ = D|u e I/} = {(pf = 1w+ Nilv e Vj'}

The above definition of V;" makes sense because A/ = A, mod p/ =1, since ex-
ponentiating w; with either gives the same character x5 1.
Definition 6.8. Define P/, P” C T X 7Z as follows:
P = {(j,v) €T x Zlv € V}}
"i={(,v) €T xZveV]}

We define two functions 8 and a next.
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Definition 6.9.

B:TXZ—7Z
(G,v) = (07 = v+ A
and,
a:TxXZ—7x{0,1,..,f" -1}
(4, v) = (m, k)
where m = B0, v) and k satisfies (4.10.2).

P EG)
Remark 6.10. By Definitions 4.10 and 6.9, J"j‘f7 (x1,x2) = {a(4,v)|(4,v) € P'}
and JPI (X1, x2) = {a(5.0)|(j,v) € P"}.

Remark 6.11. By the comments following Definition 4.10, a|ps and «|p~ are injec-
tive functions.
Remark 6.12. An examination of Definition 4.10 shows that if v € Vj’ for some
j € T, then finding a pair (j,7) € P” such that a(j,v) = a(j, ) is equivalent to
finding j and ¥ € Vj.” satisfying the following two conditions:

e (p/ —1)v— X} and (p/ —1)0 — N differ by a factor of a p-power;

e the difference of p-adic valuations offsets the difference between j and j in

the formula for computing « in (4.10.2).

Remark 6.13. Let a(j,v) = a(j,0). Then j = j <= val,((p/ — 1)v — N) =
val,((pf — 1) — )\g) mod f.

Remark 6.14. If j # j and val,((p/ — 1)v — ) = val,((p/ — 1)0 — )\;~) = 0, then
a(j,v) # a(j, ).

Definition 6.15. We will say that a pair (j,v) € P’ matches (j,9) € P" if a(j,v) =
a(j, ).

Remark 6.16. For the purposes of our calculations, we will classify the ways a pair
(j,v) € P’ can match a pair (j,0) € P” in the following manner:

() (G.0) = (,0). )
(ii) j=j+1 mod fand 0 = pv+2zj,,—yj,;0rj=j+1and v =pi+2z;—y;.
In these cases, [val,((p/ — 1)v — X;) — val,((p¥ —1)0 — )\;~)| =1
(iii) Matches not classified by either of the above.
As we will see, the first two types will be easy to spot, whereas the third will

need some verification.

We will use the notation and ideas above repeatedly in the calculations below.
Because of the repetitiveness of the arguments, we will show the calculations in
detail only for a few scenarios, and will only report the findings from the calculations
for the rest.

6.16.1. Case 1. : |JA_, (x1,x2)| = [T (x1,x2)| = ef—1, both via Lemma 4.21(i).

,;/ tT/”J/
Case 1a.: i = f — 1. Comparing ways of writing X2—1X1 and y» in terms of &/, s”
and t"" using Remark 4.22, we obtain that V;, o= ‘/t?, EaE:! contradiction.
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Case 1b. : i < f —1.
Comparing ways of writing x5 1x1 in terms of s’ and s’, we have:

e—2—sh ,+ Z pI (s +e) =
JETN{f-1}
P e—2=s)+ Y (s +e)
JET~{i}

— _9_ SIJLI + Z pf—l‘js; Epf—l—i(_2 _ 8;/) + Z pf—l—jss/
JET~{f-1} JjeT~A{i}

= p-2-s;  +p(sh o —1)+ Z pl s =
JET~{f—1,f—2}
PP 2= ) +p (s - 1) Z P ISI VG ;
jeT~{ii—1}
= (p—2-5) 1,8 o — 1,8} 5,...,5) =
(SSLM' ) z+11p 2- ;/» ;/ 1 1782L2"'7sg)

Lemma 6.17. The above condition is satisfied if and only if (upto interchanging
s" with s"), one of the following pairs describe s’ and s":

(i) (s’f_l,s’f_Q,...,s%Jrl,s;) = (€ [0,p — 2],0,...,0,€ [1,p — 1]) for some k €
i1,
(85,87 1, 8141581) = (€ [0,p—=2],p—1,...,p — 1,€ [0,p — 2]) for some
lel0,i—1];
(s 1’Sf 2 Shy1 k) = (P—2— 87 4, p—1,.
(s, s 1o 51+1a51) (p—2-sj,0,...,0,s] +1)
(i) (s’f 1,sf 25 Shy1s k) = (€10, p—2] 0,..,0,€ [1,p — 1]) for some k €

- 178;<: - 1);

)

(827 i— 1’ 86) f (E [0/7p - 2]ap7 la/api 1)7
(8% _1:8F grensiynsp) =@ —1=s%_;,p—1,.,p— 1,5, — 1),
(8;’, sy 1 so)=((p-2-s}0,..,0).

(113) (81,8 9y 81415855 8115 80) = (€ [0,p — 2],0,...,0,€ [L,p — 1],p —
17 7p_ 1)
(sf 1,5f gr e Si41y 875 Si_1s e 80) = (P—1=8}_1,p—1,...,p—1,p—s;—
1

Proof. Easy verification upon recalling that s, _;, s} <p—2 by Lemma 4.21(i). O
/

Imposing the above conditions, we now calculate y, y7, 2%, 27, 7, T, V] and
V/', and compare JaH (Xl’ X2) with J{}{i _(x1, x2) using Remdrk 6. 1()

Y

For Lemma 6.17(i ) we have:

, L
(6.17.1) Y= Gl =/l
0 ifjeT ~{f-1}
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15 ifj=i
(6.17.2) y =3P T I

0 if j eT ~{i}

e—1 ifj=f—1
(6.17.3) z; = —

et+s; ifjel~{f-1}

pte—2—si=p+(z;—y;) ifj=f—1
pre—l=p—1+(zi—y;) ifjelk+1,f-2]
efl+s;:71+(z§fy3) ifj=k

(6.174) zj=Se—1=—p+(zj—yj)+y] ifj=i

e=—-(p—1)+ (= —y) ifjell+1i-1]
et+1+s; =1+ (2 —y)) if j=1

[0,¢ — 2] ifj=f—1

(6.17.5) Ij:{{o}u[5;+1,59+61} ifjeT~{f-1}

{0}Up—-1-¢,2/—1] ifj=f-1

1779
{0} Up, 2 —1] ifjelk+1,f—2
{0} U [s), 2 — 1] if j=k
(6.17.6) T} = < [0,e — 2] if j =4
{oyu, = —1] ifjell+1,i—1]
{0}y U[s? +2,2/ — 1] if j=1
{0}y U[s7, 2/ —1] ifjeli+1,k—1U[0,1—1]
(6.17.7) yr - el ifj=/s-1
J [Le—1JU{s)+e} ifjeT~{f-1}
Le=1U{p+z;—y;} fj=f-1
2,e]U{p+2; —y;} ifjelk+1,f—-2]
2,e] U{s} +e} ifj=k
(6.17.8) Vi'={[l,e—1] if j =1
[0,e — 1] ifjel+1,i—1]
[0,e —2]U {s} + e} if j =1
[Le—1JU{s)+e} ifjeli+1,k—1U[0,1—1]

Recall that J{7_ (x1,x2) = {a(j,v)|(j,v) € P'tand JOI  (x1.x2) = {a(j,v)|(j.v) €

, 7 57
P"}. In order to compare the two, there is no work to be done for (j,v) € PN P”.
So, we must now examine the image of o when restricted to the set P’ — P and
compare it to the image of o when restricted to the set P — P’.
To begin, consider {(j,1)|j € [k, f — 2]} C P’ — P”. One can immediately verify

using Remark 6.12 that a(j,1) = a(j + 1,p + 2} — y}), where (j,1) € P’ — P" and
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(j+1Lp+2;—y;) € P’ =P’ Similarly, for j € [l +1,i], a(j, 2 —y}) = a(j — 1,0).
Here (j,2; —y}) € P' — P" (since 2 —y; = s} +e¢) and (j —1,0) € P” — P'. These
matches are of the type described in Remark 6.16(ii). After taking into account
all matches of the types described in Remark 6.16(i) and Remark 6.16(ii), the only
possibly unmatched pairs are (I,e — 1) € P’ — P” and (k,e) € P” — P’. Now,
val,(B(l,e — 1)) = 0 as s; # p— 1. As s}, # 1, val,(B(k,e)) = 0. Asl # k,
a(l,e — 1) # a(k,e) by Remark 6.14.
Therefore, J{%fla, (x1,x2) # JAtH (X1, X2)-

Tr g7t

Calculations for Lemma 6.17(ii) are as follows:

41 ifj=f-1
(6.17.9) =T f
0 ifjeT~{f-1}
(6.17.10) Y = p s wg=1
0 if j e T~ {i}
e—1 ifj=f-1
(6.17.11) 2= o
et+s; ifjeT~{f-1}
pre—1—si=p+(—y)+1 ifj=f-1
pte—1=p—1+(z;—y) ifjelk+1,f—2
(6.17.12) 2 = e—1+s)=-1+(z —y)) =k
j e+ s = (25 — ) ifjefi+1,k—1]
e—1=—-p+ (2 —vj) +vj if j =i
e=—(p—1)+(z; —y;) if j €[0,i—1]
;) 00,e=2] ifj=f—1
(61713) Ij{{O}U[5/4+1 s‘—i—e—l] iijT\{f—l}
J 77
{0}Ulp—sj 2 =1] ifj=f—1
{0} U lp, 2} —1] ifjelk+1,f—-2
(6.17.14) g~ A0 U [sh, = —1] itj=k
T Ol L 1) el k1)
{0y UL, 2} —1] if j € 0,1 —1]
[L,e—1] ifj=f—1

(6.17.15) Vj’{[l’e—l]U{S;‘Fe}’ ifjeT~{f-1}
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[0,e—=2JU{p+2;—y;} ifj=f—1
2,¢] U {p+ 2, —y'} if jek+1,f-2
! if 1 =
(6.17.16) Vi’ = E?Bl{fﬂzi e} E e§+ 1k—1]
) J ’
[1,6—1] lfj:Z
[0,e— 1] if j €0,i—1]

To verify JAH (X1, x2) = JV_ _(x1,x2), we apply the same strategy as we

previously did. As before, for each (j, v) € P except (f —1,e—1), we can get (j,v)
to match some (7, %) with (j,7) € P” via Remark 6.16(i) or Remark 6.16(ii). (k,e)
is the only pair in P” not matched to anything in P — {(f —1,e— 1)} via these two
matching strategies. By Remark 6.14, (f — 1,e — 1) cannot match (k,e) because
val, (B(f —1,e — 1)) = 0 = val,(B(k,e)), since s;_; # p—1and s;, # 0. Therefore,
we do not get a type II intersection in the desired manner.

The calculations for Lemma 6.17(iii) are similar and left to the reader. The re-
AH

sults from the calculations are also similar, and show that ‘]V~ B, (x1,x2) # J¢ o (x1,X2)-

The findings are summarized below.

Proposition 6.18. Let e > 1, f > 1. Suppose V;; 5 and Viz 5 are a pair of non-

isomorphic, non-Steinberg Serre weights. There do not exist any G characters x1

and xo such that |J3T (x1,x2)| = ef — 1 via Lemma 4.21(i), |J#E  (x1,x2)| =
t/ s’ 71 ST

ef —1 via Lemma 4.21(i) and J3HF_(x1,x2) = J3H (X1, x2)-

// S/

6.18.1. Case 2. : |J{;‘H (x1,x2)| = ef — 1 via Lemma 4.21(iii); |JV (XlaX2)| =

ef — 1 via Lemma 4.21(111).
Case 2a.: i = f — 1. Comparing ways of writing X2_1X1 and y2 in terms of s_;, s
and # using Remark 4.22, we obtain that Vig =V,
Case 2b. : 1 < f — 1.

Comparing ways of writing x5 'x1 in terms of s s" and 3, S, we have:

e—2+sp 1+ Z P (s +e)
JET~{f-1}

—pem 24 )+ Y P e = P s o)
jeT~{i} jeT

7 g @ contradiction.

(6.18.1)
= (=24 841,879, 50) = (81, 871, =2+ 87,8715 050)
= (Sf_l, Sf_g, ceey So)
Comparing ways of writing x», we have:
pI pr_l_jd;’ =1= pr_l_jtj mod pf —

jET JET

(6.18.2) == > p T d=1-p/ 7 N pf =1 mod pf —1

jET JET
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Lemma 6.19. The condition in (6.18.1) is satisfied for some 37, s and § if and
only if one of the following pairs describe s’ and s":

(i) s, €2,p—1], s; € [0,p—3|;
s’]Z_l = s’f_l -2, s/ =s+2.

(1) (_1:8% 25 s Shp1:8) = (€ [0,1],0,...,0,€ [1,p — 1]) for some k € [i +
Lf- 2}7 S; € [O’p_ 3]7
(s’f’_l,s’]ﬁ_Q, e S SE) = (p—2—|—s’f_1,p— L.,p—1,s,—1), s/ =s,+2.

(113) (8%_1, 8 9y 8i41587) = (1,0,...,0,€ [1,p — 2]);
1

(8% _1:8F 981, 87) = (p— 1,p —1,.up—1,8,+1).

(iv) s’f_l € 2,p—1], (si,8] 1 814158) = (p—Lp—1,..,p—1,€ [0,p — 2])
for some l € [0,i —1];
3’;71 = S/ffl - 2) (5;/7S;L1 Sglqtlﬁsl ) = ( 707 -~-a0a52 + 1)

]’ (S;, 8;—1""86) = (p - 17p - ]-, P — 1)7
8’}5_1 = s’f_l =1, (s¥,s7 ,....80) = (1,0,...,0);

]; (Sia Si—l-“aso) = (p - 17p - 17 P 1)

(vi) (815895 Shy1s8%) = (1,0,...,0,€ [1,p—1]) for some k € [i+1, f—2],

(85,8515 81415 81) = (p—1,p—1,...,p—1,€ [0,p—2]) for somel € [0,i—1];
(s 1,5'}72,...,32’“,3%)—( =248 ;,p—1.,p—18 —1),

(87,87 1, 8)1,8) = (1,0,...,0, 5 Jr 1)

Proof. Easy verification upon recalling that s’ _;,s; > 1 byLemma 4.21(iii). O

Imposing the above conditions, we now calculate y, y7, 2}, 27, Z7, T, V] and
V! and compare JHH . (Xl, x2) with JA7  (x1,x2) using Remark 6.10.

t//,Sl/

J
For Lemma 6.19(i ) we have:

1 ifj=f-1
(6.19.1) yy=4 7 /
0 ifjerT~{f-1}
1 ifj=i
6.19.2 " —
(6.19.2) Ui {0 it j e T~ {i}
-1 it =f-1
(6.19.3) Z =4 R /
e+s; itjeT ~{f-1}
e—2+sh =2~y ifj=f-1
(6.19.4) e+l+si=(z;—y;)+y] ifj=i
e+ s =2z;—y; itjeT~{f-1,i}

(619.5) {{1}US+1Z’—1] ifj=f—1

{0}U[s, +1,2/ —1] ifjeT~{f—1}
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(0} U[s) 1,2/ — 1]
(6.19.6) I} = ({1} Uls; +3,2f — 1]
{0y U ls) + 1,25 —1]

! [1,6—2]U{z§—y3}

(6.19.7) %'ﬁLe—HU{%—yﬂ
[Le—1]U{z} —y;}

(6.19.8) Vi'=<[Le-2U{z} —y;}

[1,e—1] U{zg —y;}
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ifj=f—1
if j =i

if jeT~{f—1,i}

ifj=f—1
ifjeT~{f-1}

fj=f—1
if j =4
if jeT~{f—1,i

The only pairs in P and P” that are unmatched after applying matching strategy

Remark 6.16(i) are (i,e—1) € Pand (f—1,e—

1) e P". As s, #p—1and slf—l # 1,

val,(8(i,e—1)) = 0 = val,(8(f—1,e—1)). By Remark 6.14, (i,e—1) cannot possibly

match (f — 1,e — 1), and therefore, ‘]‘éf_g (x1,x2) J{%fsw (X1, X2)-
For Lemma 6.19(ii), we have:
1 ifj=f—1
(6.19.9) Y; = W /
/ 0 ifjeT~{f-1}
1 if =
(6.19.10) = N
0 ifjeT~{i}
(6.19.11) goodets ifj=f-1
o I e+ s} ifjer~{f-1}
pre-24si=pt(4-y)) i=f-1
pre—1=(p—1)+(—y) ifjel+1,f—2
(6.19.12) i =R e—1+45)=—14 (2 —v)) if j=k
e—ﬁ—l—i—sgz(z;—y})—i—y;-’ if j =1
e+ s =z —y; it {itUlk, f—1]
(6.19.13) , {BBuls)+1,2;-1] ifj=f—-1
/ {Oyulsi+1,25—1] ifjeT~{f-1}
{Oyulp+si—1,2/ -1 ifj=f~-1
{0} U p, 27 — 1] ifjelk+1,f—-2
(6.19.14) 7/ = { {0} us), 2/ — 1] if j =k
{1yUlsi+3,2] —1] ifj=14
{0y U ls) + 1,25 —1] ifj&{itUlk, f—1]
(6.19.15) yr = e =2 Udz —ygh i =/ =1
/ [Le—-1u{z; -y} ifjeT~{f—-1}
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Le—1U{p+z;—yj} ifj=f—-1

2. Ulp+2 -yt ifjelk+1f-2)
(6.19.16) V"= {12, e U{z} —yj} ifj=k

[L,e—2]U{z; —y}} ifj=i

Le—1U{z-y}  #jg iUk -1

The only pairs in P and P” that are unmatched after applying matching strate-
gies in Remark 6.16(i) and Remark 6.16(ii) are those in {(f —1,2}_; —y}_4), (i,e—
1)} c Pand {(f—1,e—1),(k,e)} C P". Asval,(8(i,e—1)) = 0 = val,(B(k,e)) and
i #k, J“;‘f7 (x1,x2) = Jéf ., (x1, x2) if and only if (i,e — 1) matches (f —1,e—1),
while (f - Lzp g — y}-_lj matches (k,e). Suppose this is true and (m,x) =
alf = 1,25y —yj_1) = a(k,e). Plugging this data into the formula for « in
(4.10.2), we get:

(6.19.17) val,(B(f = 1,251 —y; 1)) =f—-1—k mod f
Therefore, p/~'~*|8(f -1, z}—l - y}—1) = p(z}—Q - y}—z) —|—p2(z}_3 - y}_3) +..t
pf(z;c_1 — ?/}—1) and we have:

m < p(z}72 - y}fg) +192('3}73 - y/f73) + .. +pf(z}71 - 9}71)
= 1k
p

’ (Z;‘—2 B y}—Q)

(th1 ~ Yhr)
= (e = 0) + Doy o) o+ oy — ) 4 A g Rl

p
<P = Ve+ (7 =) + (i1 — Vo) + o+ 0T T (Ehgr — Vi)
=a(k,e)=m
Contradiction. Therefore, J(}fl, (x1,X2) # J{;‘fq _(X15 X2)-
s 77,87

For Lemma 6.19(iii), we have:

1 ifj=f—1
(6.19.18) y; = L /
0 ifjeT~{f—-1}

1 ifj=i
6.19.19 "_
( ) i {0 if j € T~ {i}
- I 1 ': J—
(6.19.20) 2 =4¢ 1/+SJ ifj=/-1
e+ s ifjeT~{f-1}
pte—2+si=p+(z—y) ifj=f-1
— 1= _ I - . B
(6.19.21) 2 = p+e, 17(1?/ 1)+ (2} — v}) %fjle[.H-l,f 9]
e+ sy =2z; —y; ifj=1
e+ s; =2~y ifj & [i, f—1]
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{BUlsi+ 1,2, —1] ifj=f—1

(6.19.22) Z; = {{o}u[s;ﬂyz;-—l] ifjeT~{f—-1}

{0U[p+s,—1,2~1] ifj=f—1

,_ )} Ubpz 1] tjeli+1.f -2
(6.19.23) Ij - {1} U [S; _|j_27z;/ — 1] ifj =i
{0} U s + 1,2, — 1] if j & li, f—1]
,_Jhe=21ud{z; —yj} ifj=f-1
(6.19.24) ‘/j_{[l,e]_]u{zz,yz} ifjeT~{f-1}
[Le—tu{p+z—yj} ifj=F-1
"_ 2,e]U{p+2j —y;} ifjeli+1,f-2
(61925) V] - [276—1]U{22_yz'} ifj:i
Le—Nufsf-y} gl 1]

Every pair in P matches with some pair in P” upon applying matching strategies
in Remark 6.16(i) and Remark 6.16(ii). Therefore, Jéflv (x1,x2) = Jéf S, (s xe)!
We omit demonstrating the calculations for Lemma 6.19(iv), Lemma 6.19(\/) and
Lemma 6.19(vi). They proceed similar to the calculations above, and the findings

for all pairs described in Lemma 6.19 can be summarized as follows:

Proposition 6.20. Suppose Vi g and Vin & are a pair of non-isomorphic, non-
Steinberg Serre weights.
Then there exist G characters x1 and x2 such that |JM (x1,x2)| = ef — 1 via
t! s/
Lemma 4.21(iii), |J3  (x1, x2)| = ef—1 via Lemma 4.21(iii) and J&_ (x1, x2) =
t//,b',, tl,b’,
JAE (X1, x2) if and only if
t//,s//

o After reindexing if necessary, s and s satisfy either of the below for some
i< f—1:
- (s’f_l,s}_Q, S5y, 87) = (1,0,...,0,€ [0,p — 2]);
(S¥717S/f/727 e8P, 8)) = (p—1,p—1, ..., p—1,s,+1) (Lemma 6.19(iii)).
- 3}71 ell,p—1], (sf,8i_1.nsp) =p—-Lp—1,..,p—1);
s;ﬁ_l = s'f_1 =1, (sf,s/1...,80) = (1,0,...,0) (Lemma 6.19(v)).
o With i as above, 3 ;.pdf =1 —pflmi djerti and Xty =1+
> jert; mod pf —1.

Remark 6.21. In both the cases listed in Proposition 6.20, (sf_1,85-2,...,50) =

(81 —2,8%_5,...,55). We leave the precise specification of the highest weight to

the reader.

6.21.1. Case 3. : |JHH (x1,x2)| = ef — 1 via Lemma 4.21(i); |J3 (x1,x2)| =
t/ 7

,s! s

ef — 1 via Lemma 4.21(iii).
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Case 3a.: 1= f—1.
Comparing ways of writing X2_1X1 in terms of s, s’ and s”, we have:

e—2—sh + Z p (s +e)

jeT~{r-1}
=(e—2+s74)+ Z pI (s +e) pr 1i(s; +e)
JET~{f-1} JET

(6.21.1)
= (=284 1,87 9,0080) = (=2+ 551,87 9,.,80) = (571,52, .-, 50)-

Comparing ways of writing x», we have:

1+pr 1- ]d”—sf 1+1prf =3¢, mod pf —1
JET JET
(6.21.2) = pr_l_jd;.’ =s}_q, pr_l_jtj =sy_;+1 mod pf —
jeT JET
Lemma 6.22. The condition in (6.21.1) is satisfied for some s, s' and § if and
only if one of the following pairs describe s’ and s":
(i) (3}71,3972, s 815 8) = (€ [1,p—2],0,...,0,€ [1,p—1]) where k € [0, f —
2J;
(5’]{_1, s’f’_2, e Sp ) = (p— s'f_l,p -1,.,p—1,s, —1).
(i) (8_1:8% 9, 50) = (€ [1,p = 2],0,...,0);
(8% _1:8F_9y80)=(—58_y —Lp—1,.,p—1).
Proof. Easy verification upon recalling that s} _; < p —2 by Lemma 4.21(i) and
s%_1 > 1 by Lemma 4.21(iii). O

We omit the calculations for Lemma 6.22(i) which show that JV (Xh X2) #
J(}f o (x1,x2). Briefly, (f—1,e—1) € P and (k,e) € P are the palrs in P and P”

that don’t match using matching strategies Remark 6.16(i) and Remark 6.16(ii).
Both S(f —1,e — 1) and 3(k, e) turn out to have p-adic valuation 0 and therefore,
by Remark 6.14, o(f — 1,e — 1) # a(k,e).

For Lemma 6.22(ii), all pairs in P end up matching with some pair in P” via
Remark 6.16(i) or Remark 6.16(ii) (details omitted). Therefore, in this situation,
JAH (XlaXQ) JAiI Rz (XlaXZ)

C’aseé’b i< f—1.
Comparing ways of writing X2_ X1 in terms of s s" and 3, §, we have:

e—2—sp + Z P (s +e)
JETN{f-1}
=y e—2 )+ Y PG 0 = S o)
JeT~{i} JET
(6.22.1)
— (-2-— s’f_l, 3}_2, ey 80) = (535_1, e S =24 8] 8], 80)

= (Sffla Sf—2y 00y 80)
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Comparing ways of writing x», we have:
p/ 7 Z-i—pr Yl =+ 1= pr_l_jtj mod pf —

JET JET
(6.22.2)
= pr dl = +1-pf pr_l_jtjzs}71+1 mod pf —
JET JET

Lemma 6.23. The condition in (6.22.1) is satisfied for some s, s and § if and
only if one of the following pairs describe s and s :
(i) (84_1,8% 95 8hy1s8%) = (€ [0,p = 2],0,...,0,€ [1,p — 1]) for some k €
[i +1, f - 2]7
5; € [O,p - 3]7
(8% 1:8F grennsiysp) =@ —2—5s%_;,p—1,..,p— 1,5, — 1),
s = sl + 2.
(i1) S/f 17Sf 27 2+17 s;) = (€ [0,p—2],0,..,0,€ [0,p — 2]);
s 1,sf 9o 815 81) = (p—2—=8}_1,p—1,..,p— 1,8 +1).
(i1i) (s_1, 8 g, 5k+17’sk) = (e [0,p —2],0,...,0,€ [1,p — 1]) for some k €

(
(
(
[i+1,f—2],
(85,8515 8141,57) = (p—1,p—1, .. ,p 1,€ [0,p—2]) for somel € [0,i—1];
" " " 1 /
Es/]j 1/,/sf 2,.././,5k+l1/35k)(: (p—2— sf 1),p—l,..., — 1,8, —1),
8181158 8) = (1,0, 0,8+
(iv) (s’f 1,sf_2,...,s§€+1,s§c) = (e [0,p — 2],0,...,0,€ [1,p — 1]) for some k €
[7’+1 f_2]7
(S{L ; 13" Sa)z(pflapfl,"'apfl);
(8% 1:8F grensiynsp) =—1=s4_1,p—1,.,p— 1,5, — 1),
(82/5521_17“ /) = (1,0,,0)

Proof. Easy verification upon recalling that 3}—1 < p — 2 by Lemma 4.21(i) and
s{ > 1 by Lemma 4.21(iii). O

For each of the pairs in the statement of Lemma 6.23, we omit the details of the
calculations comparing JAH (X1, Xx2) and J{?f{ _(x1,x2)- For pairs in Lemma 6.23

(i), (iii) and (iv), J{?f_/ (X]_,Xg) # JAf . (Xl,xg) For the pair in Lemma 6.23(ii),
Tot, Oasxe) = Jo5! L (xa xa).

// 77

Proposition 6.24. Suppose Vi g and Vin & are a pair of non-isomorphic, non-
Steinberg Serre weights.
Then there exist G characters x1 and x2 such that |JM (x1,x2)| = ef — 1 via
t! s/

Lemma 4.21(1), |JAH (x1,x2)| = ef —1 via Lemma 4.21(iii) and JAf7(X1,X2) =

JAH

t71’57/
t satisfy either of the conditions below (we describe § only upto equivalence for the
sake of clarity.):

(x1,x2) if and only if (after reindexing if necessary) s, 8, 8 ¢ and " and

y=(e[1,p—2],0,...,0);
(5’]{_1,sf_2, e 8g) =(p— s’f_l —1,p—1,.,p—1);
(Sf=1,8f-2,...,50) = (p—3 — s’f_l,p —1,.,p—1);

ZjeTpf id = s 1+Ej€Tpf_1_jt; mod p/ — 1, and
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ZjeTpffl’jtj = s’ffl—l-l—kzjeTpf*l*jt;- mod pf —1 (Lemma 6.22(ii)).

e There exists some 1 < f — 2 such that:
(8/f—178/f—27' 2 ;+17 ;) =(€[0,p— 2] 0,...,0,€ [0,p —2]);
(8% _1:8f grensiinsi)=(—2-s5_1,p—1...p— 1,55 +1) ;
(8£—1,8F—2, s 8it158iy Sim15580) = (P —2 = 8p_1,p— 1L,.up — 1,8} —
1,85 4,y 80);
ZjeTpf Yidl =5 41— pf=17t 4 ZjeTpf_l_jt; mod p/ — 1, and
ZjeTpffl’jtj = 5}71+1+2j6Tpf717jt; mod pf —1 (Lemma 6.23(ii)).

Remark 6.25. For p > 2 and i = f — 2, the second condition in the proposition
above is identical to that required for Ext: Vs 5,V ) to be non-zero via

F[GLy (k)]( 870 VT sT
Proposition 2.1(i)(b). The relationship between (#,s') and (£7,s") is asymmetric
showing that only 1 family sees the type II intersection. For such a family wit-
nessing a type II intersection, the two associated type I intersections correspond to

Extl[GL (k)](Vt » Vi ﬂ) # 0 via Proposition 2.1(i)(b) and Homar, 1) (V7 & H'(Gp, ‘/;57',37')) +
0. In particular, when e > 1, f>1,
Ext%[Gb(k)](Vt » Vi S/) = (0 guarantees the existence of both a type I intersection

and a type II intersection, while Homgar, (&) (V7 s, HY(Gk,Vz S,,)) # 0 only guaran-
tees a type I intersection.

7. CONCLUSION

Theorem 7.1. Let p > 2 be a fized prime. Let K be a finite extension of Qp, with

ring of integers Ok and residue field k. Set e = e(K/Qy), f = f(K/Qp). Let X

be the reduced part of the Emerton-Gee stack for GLa constructed in [EG1], defined

over a finite field F. Let Vi . and Vi g be a pair of non-isomorphic, non-Steinberg

Serre weights for GLa (k). Consider the irreducible component Xy, _ (resp. Xv )

ofX with the property that p € X(F) is a point of Xv;. . (resp. Xv, ;/) if and only
s (resp. Vi 5) is a Serre weight of p. '

Then XVQ aﬁd Xva P intersect in codimension 1 if and only if one of the fol-
lowing list of criteria holds Next to each criterion we indicate in parenthesis the
type of intersection.

(i) Vig and Vi 5 are both weakly regular and Exti
(Type sze_ 1, Type I or II or both if e > 1).

(i) Vg and Vj & are not both weakly regular, f > 1 and one of the follow-
g is true aﬁer possibly interchanging Vi » and V, o and possibly chang-
ing the indices of {s;};, {si};, {tj}; and {t;}; by addmg a fized integer.
We also indicate when Extl[GL (k)](Vt57Vt/ o) s mon-vanishing, or when

1
Ex tF[GL (k)](Vt o Vi s GLs (OK)](Vt o Vi 5

vanishing, or when Homgr, ) (Vz - HY (KL, V, £l o)) is non-vanishing but it

FlaLy (o Vi Vi ) or not. If

nothing is mentioned, it means that EXt]F[GL (Ox )](Vt 5 Vi ) is vanishing.
(a/) 5f7175f727"'75f7i75f717i) = ( [O p— 2] p—1,.,p—1¢€ [Oap_2D7
where i € [1, f —1];
(5}71,5}72, ...,5}71-,5’]07172») =(p—sp-1—2,0,...,0,87-1-; + 1);

FlGL2 (0K )](Vt €7V ") # 0.

) is vanishing but Ext B ) is non-

is not known whether it contributes to Exts
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Sierp' TVt = =1 =+ 3 cpp' Tt mod pf — 1 (Type 1).
When ¢ = 1, this implies EX%{G@(}C)](VE?’ V;,’;,) # 0.

(b) (S.f—lvsf—% ey 80) = (E [0,]? - 3]7]9 —1,.,p—1);
(81,87 _9s80) = (P — 3 —5¢-1,0,...,0);
ZjeTpfflfjt;. =-1-s} ,+ ZjeTpf’lfjtj mod p/ — 1 (Type I).
(c) (sf—1,85-2,8f-3,-.,80)=pP—1,p—2,p—1,...,p—1);
(5}7175}7275}73, w80) =(p—2,0,0,...,0);
ZjeTpfflfjt;. =-1-sp + ZjeTpffl’jtj mod p/ — 1 (Type I).
When f = 2, this implies EXt%[GLg(k)](th?’ Vtﬂ,_’;,) #0.
When e =1, f > 1, we additionally have:
(d) (Sf*hsf*Z) = (p —-1,€ [0,]7 - 3])’
(Slf—ps/f—2) =(p- Lspo+ 2);
Yjerp! T It = —p+ X crp! T Ity mod p! — 1 (Type I).

This implies EXt%[GLQ(k)]a/ﬁE? V{,,;/) =0, HomGL2(k)(Vt~7§’ HY (K, V;,j;,)) #*
0.
(e) f>2,

(sf—lasf—Zasf—i?n-~->sf—iasf—1—i) = (p - 1ap - ]-7p - 17"'7p - 176
[0,p—2]), wherei € [2, f —1];
(8% 1,895 ;}_3..., s pnst 1) =@—1, 1,'0, w0551+ 1);
ZjeTpf_l_Jt;- =-1-s5,+ EjeTpf_l_th mod p/ — 1 (Type I).
e
(sp-1,8p-2)=(p—2,p—1);
(15 2) = (0~ 11); | |
o Yser?! TN = =1 =8} + X' It mod pf — 1 (Type 1).
9) >2,
(Sf_l,Sf_Q,Sf_g, "'750) = (p - 27p - 1ap - 17 P 1)7
(8% _1:87_0:8%_3,-580) = (p— 1,1,0,...,0);
Sjer ! Tt = 1= + X rp! Tty mod pf — 1 (Type 1).
(h) (Sy=1,87-2,..,Sf—1-i,Sf—2—i) = (€ [0,p — 2],0,...,0,€ [1,p — 2]) for
some i€ [1,f—2];
(8% _1s8_0ss 81480 y) =(P—sp—1-2,p—1,..;p—1, 850+
1);
s+ 14 120t = p* 4+ XI55 mod pf — 1 (Type 1),
(i) f>2,
(5f7175f727~-~75f717i;3f727ia5f737i>~-~75f7m>3f717m)
=(e[0,p—2],0,...,0,0,0,...,0,€ [1,p — 1]) for some m € [3, f — 1];

/ / / ! / / !
(Sf7175f727"'75f717i’Sf727i78f737i7"'75f7m78f717m)‘
={p—-sf-1—2,p—1,...,p—1,1,0,...,0,5f_1_y,) wherei € [1,m —2];
Sfo1 +1+Z;:é ti=p'(sh_;+1) —i—Z;-:& tf mod p/ —1 (Type II).

() (sy=1,S7-2,...,51,50) = (€ [0,p —3],0,...,0,0);
(5}71,5972, nshso)=mP—1—-s;_1,p—1,...,p—1,p—1);
spo1+1+ E;;Ol ti=p/H(sp+ 1)+ Z;;S t% mod p —1 (Type II).
(k) f>2,

(Sffla Sf—2y s Sf—1—isSf—2—irSf—3—iy-ns 50) =
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(6 [O7p - 3]a 07 "'707070a ey 0)7
(8% 1289 er 8145 S0 s 8345 -3 S0)
p—2-sf_1,p—1,...,p—1,1,0,...,0) where i € [1, f —2|;
—1 _ g —1
spo1+1 —&—Z;;O ti=p(sh_1;+1) —|—Z§:0 t' mod pf —1 (Type II).
(1) (8f—1,8F—2y s 8f—irSf—1—isSf—2—isSf—3—is -+, 50) =
(p - 2,0,...,0,0,0,0,...,0);
(8158 g 8 i 8y 8 0 iy S g s 80)
0,p—1,...,p—1,p—1,1,0,...,0) where i € [2, f — 1];
—1 i -1
) jcf—12+1+2j_0 ti=p (59717i+1)+2520 t’; mod pf —1 (Type II).
m) f =2,
(sp-1,87-2) = (p—2,0);
(sh_1,8% o) = (L,p—1)
sp_1+ 14 Z;;Ol ti=p*+ Z;:Ol t% mod p —1 (Type II).

(n) [>2,
(Sf,l,Sf,278f,3,8f,4...,30) =
(p - 2707 07 teey 0))

(8% 1,8 9,8} 3, 50) = (0,p— 1,1,0,...,0);

sp_1+ 1+ Z;c;ol ti=p(sh_o+ 1)+ ij:—g t’: mod pf —1 (Type II).
(o) f>2,

(Sf—17sf—27sf—37"'7Sf—1—iasf—2—7l) = (p - 171a0a"'507€ [17p - 2])

where 1 > 1;

(8% 108 9y8% 358185 0_y) = (p—Lp—Lp—1,..,p—1,sp 2+

1);

sp1+ 1020t =P+ 1)+ X150 ) mod pf — 1 (Type II).
(p) f>2

(sf—175f—273f—37 "'751780) = (p - 17 1a0a "'705p - 1);

(5}717597275}73, o Shy85) = (1,0,0,...,0,p — 1);

sp_1+ 14+ Z;;& s=p/ 7 s+ 1) + Zf;ol t% mod pf —1 (Type II).

When e > 1, we additionally have:

(q) sf*l Sp_ 3;
5}—1 =sp1+2;
ZjeTpf_l_jt;- =-1+ zjeTpf_l_jtj mod p/ — 1 (Type I).
OT his implies Bxtgep, ) (Vs Vi 2) = 0, but Bxtggr 0,0 (Vi Vi ) #

(r) (Sf—1,8f—2,..;Sf—irSf—1—;) = (p—1,p—1,..,p—1,€ [0,p—2]), where
i>1;
(s’f_17 5}—27 ey s’f_i, s’f_l_i) =(1,0,...,0,s5—3—1 + 1);
Yjerp! T It = 143 pp! Tty mod pl — 1 (Type I).

(s) (sf—1,8f-2,...,80)=@p—2,p—1,...,p—1);
(8% 1,895 80) = (1,0,...,0);
Yjerp! T It =143 o p! Tty mod pf — 1 (Type I).

(t) (sf—1,8f—2,...,8i+1,8:) = (1,0,...,0,€ [0,p — 2]), where i < f — 1;
(8% _1:87 grensipnsi) =@ —Lp—1,..,p— 1,5 +1);
Yierty=1=p/ 7+ 3 oty mod pf —1 (Type II).
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(uw) sj_1 € [1,p—1], (si, Si=1...,80) = (p—1,p—1,...,p—1), wherei < f—1;
S/ffl =sp1—1, (Szvsz 1 56) = (1707 "'70);
ZjeTt; =1-—p/f-1-t +Zj€th mod p/ — 1 (Type II).

(v) (sf-1,85-2,-..,50) = (€ [1,p—2],0,...,0);
(5971,5972, .:.,56) =(p—-s;-1—Lp - 1,...,p—1);
ZjeTpfflfjt;- =551+ ZjeTpJLl*th mod p/ =1 (Type II).

(IU) (Sf—175f—27"'75i+175’i) = (E [O’p - 2]507"'7076 [07p - 2]) fOT some
{ S f - 2;
(S/f—DS/f—27‘ © z+17 z) (p 2—Sf LP— 1)"'a‘p_175i+1);
ZjeTpf_l ]t; =s;q+1-p/71- 1+Zj€Tp ~179t; mod p/ —1 (Type
II). When i = f—2, this agrees with Item (a), corresponds to both Type

I and II intersections, and implies Ext[F[GL (k)](Vt Vi ~) # 0.

Proof. By Section 4.13, we need to find the criteria for when there exist two Gg
characters y; and s such that Lvm(xl, x2) N LV{, 2 (x1,x2) C ExtéK (x2,x1) has
dimension ef — 1 and the same is true for most unramified twists of y; and yo.
The criteria are covered in Propositions 5.2, 5.6, 6.2, 6.4, 6.18, 6.20 and 6.24. In
each of these, we have constraints on §and ¢ that do not depend on # and #. We
similarly have constraints on Zf pf—1- Jt' Z;;S p/~179t; mod p/ — 1 that
also do not depend on ¢ and i Collectively, the two sets of constraints define the
criteria completely.

In other words, if and only if V; ;- and Vj & satisfy the criteria in one of Propo-
sitions 5.2, 5.6, 6.2, 6.4, 6.18, 6.20 and624

The above criteria are necessary and sufficient when K # Q,. When K = Q,,
th_,s, N XV{',;/ is codimension 1 if and only if either the above criteria hold or

the intersection contains an irreducible representation (by ??). The criterion for
existence of irreducible representations in Xy, N th., . is given in Lemma 4.14.

Putting all the criteria together gives the list in the statement of the Theorem,
along with Proposition 2.14 and Corollary 2.10 on computations of extensions of
Serre weights as GLa (O )-modules.

Remark 7.2. In fact, our criteria show that when ¢ and 7 are non-isomorphic,
non-Steinberg Serre weights, then

EXt%[GLﬂOK)](Uv T) 7é 0 = dim Xff n XT = [K : Qp] o

This follows from the stronger statement in the proof of Proposition 2.14 when
K/Qy is unramified and Corollary 2.10 when K/Q, is ramified.

O

Theorem 7.3. In the setup of Theorem 7.1, assume that Vi s and Vi 5 are both
weakly reqular and that Xvaf and de P intersect in codimension 1. Let n be the
number of [K : Qp] — 1 dzmenszonal irreducible components in the intersection.
Then the following are true:
(i) Ife=1, thenn = 1.
None of these components of dimension [K : Q) — 1 are contained in
triple intersections of irreducible components of X .
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(i) If e > 1 and f =1, then

2 if Bxty
1 if Ext%[

(Ve Vi 5) #0
Vv{;é” ‘/;57,87) =0

GL2 (k)
GL2(k)] (

If s,s' < p—3, then each component of dimension [K : Q,] — 1 is con-
tained in a triple intersection.

(iti) If e > 1 and f > 1, then

. 1

Lo EXt%[GLQ(k)](Vaga Vis)=0

Each of these components of dimension [K : Qp] — 1 is contained in a
triple intersection.

’S’
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n =

Proof. When e = 1, the statements are a consequence of collating criteria for type
I and type II intersections in Corollary 5.7 and Proposition 6.4. When f = 1, the
relevant results are in Propositions 5.2 and 6.2. When e > 1, f > 1, they are in
Corollary 5.7 and Remark 6.25. (]
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