
GOAL : Explain certain p-adic congruences using the theory of p-adic
modular forms

OUTLINE
- Show that p-adic representations of the fundamental groups of certain

schemes on which p
is nilpotent correspond to certain coherent

sheaves with a Frobenius action

- Representations corresponding to @ on the ordinary locus are

those coming from the e'tale quotient of her [pm] .

- These representations are highly nontrivial . Triviality for k tensor
powers gives congruence relations on values of K

- Definition of and application to modular forms of weight X ,

✗ c- End (747 )

=
p-ADIC REPRESENTATIONS & LOCALLY FREE SHEAVES

Let q be a power of p ,
k a perfect field containing For

Wnlk) : ring of wilt vectors of length n

Sn : flat , affine Wnck) scheme with normal
,
reduced

,
irreducible special fiber

suppose Sn admits an endomorphism 9 which induces the a power mapping
on the special fibre .

Proposition :

Finite tree wn(Fq ) modules M <¥ {
Pairs (H > F) ,

where His bully{ with continuous it , (Sn) action } ehnivahnee free sheaf of finite rank on Sn }
& F is an Isom q*H→ H

Map from left to right is given as follows :

consider IT' (Sn)- Autwn (Ea) M

↳
Auten/Sn

↑
finite e'tale galois Sn- scheme

7 ! 9- linear map of an Tn inducing g- power endomorphism on special fibre
✓

a.* ✗ K) - Tn ✗ k - Tn let HT '

-= M ④
Wn(Fa)

%n
f.

_

§! -
_

-

'
"

/ e'tale
•
* Tn -- a. Sn- Sn Ft = id ⊕ QT

ye Aut (Tn /Sn) acts on tf via m ⊕ a 1- G.(m ) ④ G-
'#
se & commutes w/ Qt

(H , F) is given by standard descent



✓
uses flatness

Ft fixed points of Otn are just Wn(Eg)
& Mis recovered as the fixed points of Ft on global sections of Ht

(This gives fully faithful)

Essential suyectivity :

Given CH , F) ,
WTS 3- a finite e'tale cover Tn of Sn over which

H admits a basis of F- fixed points .

Shipping the proof : Essentially for n=1 , we reduce to the fact that a f-d- v.s . over
Ñ with a g- linear automorphism is spanned by its fixed points

↳ Hilbert 's 90

For n > 1
,

we do an induction argument by solving for
the equations that guarantee that an F- fixed basis over Sn-i lifts
to an F - fixed basis over Sn .

Remark 1 : The categorical equivalence respects tensor products

Remark2: e'tale site is
"

topologically invariant
"

,
so ñi (Sm) = it, (Si)

As S , is normal , reduced & irreducible
, a representation of

MCs , ) is just a suitably unramified representation of the
É Galois

gp of the function field of S,

f4al(kÑ/
Rcn) ) → IT , (Rcn) , N)

↓
Therefore , for a non- empty open Ucsn

.Siz|
{ Representations of it, Csn) } iᵗim {Representations of it,CU)}

is fully faithful

§2 . APPLICATION TO MODULAR SCHEMES

Let n≥ 3
, ptn , or s-t

' W(Eq) > primitive n'th roots f unity .

Mn ⊕ Wm (Fg) = U_ smooth curves corresponding to e-m. pairing given by 5
primitive
nth root

(similar for Ñn )

Recall : p-adic modular forms with growth condition given by r=1 correspond to sections of @
⑦k on

Mn (wm(%) , 1) = Spec
,un④wm,*g, g#gf

⇐④ "
" " '"" ⑦ Wmc"⇒

I D(Ep-1) C Mn ④ Wm(Fq)
↑
as pis nilpotent ,
the formal scheme
on LHS is an actual

scheme
= U D(Ep _,) n 5-component = Us?n
3 primitive
nth root



Similarly ,

Ñncwmllfq)
, 1) = V52

Note : S'm
,

55m are smooth affine Wm (For) schemes with geometrically connected fibres

meromorphic growth [ holomorphic
modular forms

[
modular forms

↓
condition

& of S(Wm(1Fq) , I>Nsk) :Recall the Frobenius ant of M(Wm (Fav) , 1 , n , K)

[ IT
: F-→ F-/H

(9- f) ( F- , an , Ñ
=

= f(E/H , ñ(✗n) , Y
')

↑ ↑

canonical Epi here
p- swbgp as r= 1

We saw that q gives a ring homomorphism on wt o forms , inducing
an automorphism of the affine schemes Mcwm (Fg) , 1) & Ñ(wm(Eat , 1) .

9 carries idempotent to idempotent & Mod p , 9(esp) (E , an , Y ) = esp (ECP
)
,
itCan] , Y

'

)

= {
1 it F- c- 5s

0 otherwise

⇒ 9 maps 55m to Sms
"

& 55m to 5ms
"

But notice that for 0 the Frobenius ant of Wm (Fa) , maps 5 to 3?

Therefore 9 : 55m → SIN ± Snf ✗
Wmc#ago

Wm (Eg) = (Sms )
")

we view q as a o- linear endomorphism of 53m .

Similarly for 5ms

9 on M(Wm(Fq) , I,n , b) can be viewed as a q - linear

endomorphism of w_④k /5ms for each primitive nth root of unity 5 .

Q : which rep of it ,(5mF) in a free 21pm I = wm(Ep ) - module of
rk 1 corresponds to @④k

, a) ?

( suffices to do for k=1 ,
because the correspondence respects ④ )

Notice that we have a naturally occurring IT,(Sms ) representation on a 21pm-4
module : the e'tale quotient of kernel of pm on the universal curve E



deg P

Consider it : E→↓ EIH = Ecce>
.

Denote by ITM : E- Eoe ) - Ea"- . . → ECQM)

& by IFM the dual isogeny : Edm) - E

-d=ku[pm]
AS Itm is degree pm ,

limo Tim = [pm] & beer Ém . Im F-[pm]

Claim : Kerim is the e'tale quotient of Im F-[pm]
.

Pf : It is flat & f-p . over 55m because Ém is

Unramified because every field valued point of Snf is
in char p & mod p , Eve are all ordinary elliptic
curves I ECP

">
= F- ✗

b.•
R ✗

k
,
ok × --- ✗

↳ok

ITM is just FM & ITM is Vm
↑Frobenius ①

verscheibung

Ordinary elliptic curves are characterized by klrvm being
e'tale

,
- : so is Kerim

Moreover
,
Fm is purely inseparable ,

so if we don't
quotient by Kerim

,
can't possibly get anything e'tale .

The representation of it
, ( Ssm) on her Ñm extends to a↳ "

representation of IT, (53m ) ,
i.e-

,
it is

"
unramified at a

"

.

Pf : STS for M=1 (Topological invariance of e'tale site]
Let K be function field of 55,

_

want to show that inertia group of Gal (Ksa/ K) at each

[ cusp acts trivially on kercvm)

|ⁿᵈ"%⇒°→"'ÑFʰ%ᵗᵗᵗᵗᵗʰ"÷ "ˢ ᵗʰ"" " ˢⁿÑʰ ᵈÑʰ /*" ' ˢwbᵈˢ
→ (5,5 , g) . .

.

:
" to check the action is trivial on each of

kernel is hero
its generic pts c- (her Vm)k

+

inertia

Asker VM )k is e'tale over K
,
-: Ks points/Mutating

are dense , & we can check actin on

Ker Vm of EKCPM) (Ksu )

At the cusp k(Car)) (k = For)
,
inverse image of F- is 1-(qn)/Ktla))

ECPM) = T(qnPm ) & Tim is the map Tcqnpm) - Tcqn) given by
division by ⑨ 7. .

As all points of 49
" > are rational

,
the entire decomposition

group acts trivially .



I : The rep of IT
, (53m ) on Kerim corresponds to @ , 9)

Idea of proof :

• STS for Sin as restriction of it, ( 55m) reps to it , (Ssm) is fully
faithful

• Take a finite e'tale cover T of Sm trivializing the representation ,
so that ⑦/PMI)t Is Kerim)t . Each point of Her#m)t
gives a map @1pm2)t - Kerim)+

•

By Cartier duality (Kerim)t → @pm)t ↳ (Gm) t
an invariant differential ⇐ - - - - - - - - - - - - d¥
coming from F- Pulls back

↓

we get a map : Kerim )t - IT
inducing an isomorphism :

(klritm), ④ zypmz Of
→ IT

T : 1) IT, (55m) → Aut (Ker (Ent) = @/ pm2)
× is surjective

2) Restriction to it, (U) for U nonempty open
C 53m remains

surjective

Idea of proof : let K = function field of Sis .

As before , STS Gal (KVK ) - Aut (Rerum in ECPM> (KIP ) ) is
surjective

In fact , inertial group of 9k at any supersingular elliptic curve
is already surjective .

Proof follows from the following theorem =

Let E.w be an elliptic curve over k[[A]] with Hasse invariant A
,

K being alg . closed of chomp . Then the extension of KCCAD obtained

by adjoining points of Rerum is fully ramified of degree
pm-' (p- 1) with Galois group (741^2) "

This is proven by computing valuations of points in berlin) in the formal
group of F- using Newton polygons .



§4 : APPLICATIONS TO CONGRUENCES B/W MODULAR FORMS

COROLLARY : Let k c- I
,

m≥ 1
, p >

2

TFAE :

1) 12=-0 mod (p- 1) pm
- I

2) Kth tensor power of the ñicsrn ) - rep on the e'tale quotient of
her [Pm] is trivial

3) The sheaf w_④k on 5mF admits a nowhere vanishing section fixed
by 9 .

4) Over a non empty open UC 5pm
, @

④R admits a nowhere vanishing
section fixed by a

5) Over 5ms
,

w⊕R admits a section whose or -expansion at one
of the cusps of

-

5ms is identically 1 .

6) Over a nonempty open UC 55m which contains a cusp , a-
④k

admits a section whose q - expansion at that cusp is identically 1 .

Proof :

(1) ⇔ (2) : Im lticssm ) = Hut (21pm2) ≈ @/ PMI)
"

i.
'R tensor power is trivial

⇔ k is an exponent of ⑦1pm 2)
×

⇔ RIO mod pm
-1 (p - 1)

(2) ⇒ (3) : [ free generator

w④¥, = (#PMI) w ④
21pm≥ OT'

w⊕k = (21pm≥ w ⊕ Oy,)MC5ˢm)

IT , (55m ) acts trivially on w ⇒ w⊕k = 74pm2v⊕ 05pm
t

free of rk1

⇒ v ④ 1 is a section as required

(3) ⇒ (2) : a-
⑦k ± 05,3m¥ the given section fixed by 9

The representation of it,(55m ) is obtained by taking an e'tale
cover over which a 9

-

fixed basis exists & taking the

global sections fixed by Q .

Here
, the trivial e'tale cover works

,
so we get the trivial oep .



(3) ⇔ (4) : restriction functor is fully faithful

(3) ⇒ (5) = Using the explicit formula for 9

(5) ⇒ (3) : let f have g-expansion 1 . 9 (f) - f has q expansion 0 . By or
- expansion

principal for modular forms with growth condition r=1
,
we get that

a(f) = f

(4) ⇔ (6) is same as (3) ⇔ (5)

Let UC 55m be nonempty open containing a cusp .

If (1) holds
,
then we know there exists a nonvanishing a - invariant section f- on 55m .

Therefore , any 9- invariant non vanishing section of w⊕k on U , g , must differ from flu by a
9- invariant unit in Ou

,

i -e - an element of Wm(Fp)× . Therefore , g is extendable .

The extension is unique because U contains a cusp + q- expansion principle .

"*- " is a nonvanishing section with q- expansion 1 . By the above argument , allF-
p-i

g- invariant non -vanishing sections on Uarelwm (Fp)
" multiples of F-p¥P?

COROLLARY : Suppose fi c- S(W(For) , 1in , ki) 5- 1,2 & K
, ≥kz

Suppose of - expansions of fi & fz on at least one cusp of Ñn(w(Eat , 1) are

congruent mod pm & f. (a) ¥0 mod p at that cusp .

Then k
,
= kz mod pm

- '

(p - 1)

Pf : Reduce mod pm . By hypothesis , f, , fz are invertible in a nbhd Ucf the

cusp ,
in some 55m .

fzlf , is an invertible section of w_k2- k '

on U with q - expansion 1

By (6--71)
,

ka - k , = 0 mod pm
- ' (p - 1)

COROLLARY : Let f- be a true modular form of level n & wt k on To (p ) ,
holomorphic

at unramified cusps ,
and defined over fraction field K of W (Eg) .

Suppose that each unramified cusp , all except the constant term of the g-expansion
are in W(For) .

Then the constant terms of the q - expansions lie in p
-m W(Fq)

where m is the largest integer s-t - k ≤ 0 mod C- 1) pm-1

Pf : let Mo be min s-t ' pmof has constant terms of or - expansions on unramified
crisps in W(For )

Let ge S(W(For) , 1 , n ,
K) be defined as g(E , W

, an ,Y=Ej
' ) = pmof (E , W , ✗ n , H )

since Mo is minimal
, g- has a g- expansion with constant term a unit win W(For] .

a-'g has q expansion 1-1 pmo Eaiqi
i≥,

-
Mod Pmo , wig has g-expansion 1 .

By (6) ⇒ (1) ,
K ≤ 0 mod pmo

- '
(p- 1)



§ 5 ' MODULAR FORMS OF WEIGHT X

g
exponent of a generator

Let ✗ E End (2K ) ± Em End@1pm2)
× ± En 749672

Consider P : IT ,(55m) → Aut (Her itm), ) ± ⑦1pm2)
×

corresponding to @ , 9)

p are compatible as m varies
, & . : so are ✗ ◦ p

Denote by @
×
. 9)

,
the invertible sheaf corresponding to ✗ ◦ p .

These

are compatible as m Varies .

Definition : A p-adic modular form of weight X and level n
, holomorphic

at •
,
is a compatible family of global sections of @

✗
as m

varies .

Remark 1: If ✗ = KEI C End ( Ipx ) ,
we recover S(W(Eq) ,

I
,
n,
K)

,

↳⇔ ✗ ◦ p ± p④k

Remark2: For any X , @
×
,
d) on 5ms is isomorphic to @

④km
, a) for

any km C- I s-t- km _= X mod Cpm)

Note : Suppose km = Rin = X
,
then the Isom between @④ km

, a) &

@ ④ kin
, Q ) is given by multiplication by EPI 'm

- km>/ P -1
.
This leaves of -expansions

invariant mod pm ,
& so we get a well defined & unique g- expansion of a

p-adic modular form of wt X -

THEOREM :

1) Let X C- End (Ipx ) , & f- be a modular form of weight ✗ &
level n , holomorphic at • , defined over W(Eq ) .

Then 1- a

sequence of integers 0 ≤ ki ≤ kz ≤ k} ≤ - - - s -t -

km = X mod celpm )

and a sequence of true modular forms fi of weight Ri & level
n

, holomorphic at a s-t -

fm I f mod pm in g- expansion

2) Conversely , let {km}m ≥, be
an arbitrary sequence of integers ,

and suppose given a sequence fm E s(W(Fq) , I > n, km ) of p-adic
modular forms of weights ki St .

fmti = fm mod pm in g- expansion at each cusp
3-m s-t- fm -1=0 mod pm in a-expansion

then the sequence of weights km converges
to ✗ c- End CIF ) & 3 !

modular form f- = Iimfm of wt X & level W
,
hot at •

,
s-t -

fm E f mod pm in q expansion



Outline of pf :
1) From definition .

2) • Multiply fm by high powers of Ep. ,Pm
"

to get the
weights in increasing order & positive

• Consider the limit W -expansion . Imax mo s-t- pmo divides

the g-expansion .

Then fm = pmogm for m >Mo where gm is a wt km
p-adic modular form w/ g- expansions ¥0 modp , of

• Using the sequence { gmtmo} .
we get a congruence

relation on weights & they converge tox .

• Pmo mod pm define a compatible familyofmtmo
of sections of @✗ on 55m

COROLLARY :

let X E End 745 . Let ◦ ≤ K, ≤ kz≤ - - - be a sequence of integers
s -t- km ≤ ✗ mod @(pm)

let fm be a seavence of true modular forms of weight km &

level n on T◦(p) ,
hot at the un ramified cusps

& defined
over Frac W(Fq) =K .

Suppose the non constant terms of all the q expansions of fm are in

W(For) & at each cusp

fm -11 (a) - fm+, co ) = fm (a) - fm (o) mod pm

then :

1) if ✗ ≠ 0 ,
let Mo be the largest integers-t - 21=-0 mod

q(Pmo) . Then for m≥Mo , pmofm has integral g-expansions .

2) Further , at each cusp ,
we have the congruence on constant

terms : Pmo fm+, (O) ≤ pmofmlo) mod pm
- Mo

for all M >Mo .

Pf : 1) is as before

(km-11
- km)/p-1

2) Let him :=pm◦fm+ , - pmofm Ep-1
F
padding up fm to get the same weight as fm-11

mod pm , hm(or) = hm (o)

hpm-n.is a modular form of weight km with nonconstant

g- expansion coefficients in W(Fq) .
As before pmo gives

abound on the denominator ⇒ pm- Mo / hm
⇒ pmofm -1110) = Pmo -56) mod pm

- Mo



EXAMPLE :

Take fm = 9km with g-expansion given by -

bzknmm-i-Egzokm-s.cn)Ñ

Choose km to be strictly increasing with m (forces km-1 ≥ m )
s-t - they converge to a desired X

Claim : fm-11 (g) - fm+ , (O) I fmcq) - fm(0 ) modpm

Pf :

coef of qn in LHS - RHS is :

S ( dim"
- l
- dkm -1)

am ( pkm"
_ '

(g)
km""

_ pkm
- '

(¥ )ʰ
" '

)+ E
dln
Cd,p)=1- @A) 1=1

= dkm-' ( dkm"
- km

- 1)

IO mod pm I 0 mod pm
↑

dis a unit mod pm &

km-11 = km mod 9hpm)

:- By the result earlier
,

Iim pmofm Et pm◦G*× is a modular form
of wt X . The nonconstant part of the g-expansion is given by
Sangh ,

where
m≥ /

an = pmolim [ E. dkm
- '

+ & Pkm" -(f)
km' '

modpm)
m dln dln

(d)17=1 (d)p)≠l

IT

= pmoeim £ dkm
= pmo { ✗(d)

m dln d- dln d-

(d)P) =L (d)P)=l

÷

"

9¥
"

has
a-expansion with coef of an = S X(÷dln

(d) P) =L

Note that even if X is an even positive integer 2k≥y ,
ay, ≠ am .

gn pangaea , µ ayy qn gnµµy
is

gdzk-1 = n× ≠ & ✗¥
dln ↑ dln

when p/n
(d)D)=/


