
Parttitteckeoperators

OUTLINE :

1) Hecke operators are double coset op .

2) Double coset op induce multivaluedfns called

correspondences

3) Correspondences induce maps on cohomohtgris

Double coset operators :

Let ✗ c- GLz(Q)+

IT
,
Be C SLIT) be congruence swbgps .

[Marta is an operator

mapping Mk( II) to Mk(F)
, defined as

follows :

ftp.apjn := { f- [Bi ]n

where 1) B't
vary over coset reps of

AFAR

2) f- [Bi]k(t ) :=@Bit'(E¥a)%(Bit)

Y: :|
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↳ Bi ↳ Bao

give coset reps of HCN )YT(N)aB(N )

24 Bit .
I> = t.IE?ysublattius

of index

24kt , I> = IL pi , I> =L p

• f[Bi]n (t) = pk
-' (p

- k f(Bit) )

Aj corresponds to (Essie
, pw )

i. f- (Ai) = f(Ep;i , pw )

=p
-kf(Bit >

W)

'

'

- f[Bilko)
= pR-tf(A

'

)

:[☐ ( N ) a ITLN )]h = TP /
Machen ))

( Tp , {d> are double coset )
operators



1WÉan :

3- a bijection of coset reps :

D=
a-ma nai

" →

,

%

82,5 1- ✗T2
, I

Tz → a Fg a- I = IT Matza-1

"

B
"

l I
T
2 T

,

we have
:

•
identity

I %
' ] [B' a B) [BIK ]

f 1- f → f- [a]k → { f[✗Milk
j

We also have a homomorphism of divisors
:



Let Xi be Ti\H*

Xz Xz
'

B I

↓
_ B' at

1 I ↓
B'✗ t

Et Xz - -
- - -

- → Xi

{ [Bra.it] →
a-

{ [ Tiara ,; i ]
j

degree of - ↑ pullback ↓ pushforward
divisor
• by deg of
the map [ BE ] { [B

'

✗ 82.it]

So
, Hecke operator may be viewed as

a

"

correspondence
"

✗
3

£ inducing a multivalence

✗
2
T¥??* , × ,

fn on points &

a single valued fn
on divisors by summing
over .



We have an induced map
:

H°(✗ i.R
' ) H°(Xz , D)

!
"" " """"& ᵗʰ " ⁿʰ ""

""ⁿᵈʰᵈ " """"" ""

!Ñ = Ulli w

↑ I
1h - iii. a
U -

-

'

local inverse { @
*

w/u;

worry about ramification pts & gluing

Note that : sack ) ± shoe ( Xi)

map agrees
with the map

Fact : The above

the
action of

induced on Sz (Ti ) by

[Math] on modular forms of wt 2

Somehow this map
on cohomology is supposed

to generalize the same way although

I don't know how pushforwards
work

generally .



Part2-cohomologyofwcafsymmetn.esaces

In what follows ,
all manifolds are

[ = R or E

E f-d. V -S. / L

CTM ; E) : Space of smooth fins w/ values

in E

AVM ; E) : space of smooth sections of

the tensor product bundle

AW 1-
* (M) ④ (Mx E)
-

trivial product
bundle

I sort
*

(M) ④ E
↑ IR

as f-d-



let 9 be a tie gp w/ finitely many connected

components .

K
,

a- maximal compact subgroup .

✗ = a/ K

T = a discrete
,
torsion free subgp of a f- free action

on GYK)

C. E) a f-d. real or complex rep of T

Fact : × is homeomorphic to Euclidean space

further F)× is a locally symmetric space
d

(i.e- Riemannian manifold sit
.

each × has a nbhd U &

a differ sx of U that is

an isometry inverting tangent
vectors at × )

outline : 1) relationship b/w cohomology of T ,

cohomology of # & relative tie

algebra cohomology

2) Decomposition of cohomology when T is

co - compact & • E is unitary T - mod

• E is a G- mod



Theorem :
H*(r

, E) is canonically Isom to

H*( ALX > E)
" )

sketch of Pf

* is a smooth manifold , ✗ is contractible

⇒ ☒ is Eilenberg Maclane space K(t.is)
↑

apparently

this is supposed to imply

H*(Ti E) = H*(TIX ; É )
↳ vector bundle

✗ ✗ E/c.e) ~ Gin , per) - e)

rrptnoaedor fields
Let it : X - F)✗ ~

@ • w)(a. yiiita
)

P(8) (w(
T'm .

Fly , ,
-- rtyq)

ACTH ; É ) - AH ; E)
^

/ w 1- wot

1-(E) ⑦Ñ(i\✗ )

fi ④ Wi

[
smooth fins ✗→E

s-tf.fr-x) = por) - ffa)

cohomology of ACTH ;É ) I

H*(F) X ; É ) by some

application of derham 's Thm .



let I (E) = Coca
, E)
"

d
{ fe Coca , E) : f( 8-g) = por ) - 5- (g)}

(This is precisely the induced rep in the 0 sense

}& G- action is given by rt- translation

@ - f) (3) = fl}g)



AUG ; E) = Horn ( roof , Coca ; E))

Let w c- Aka ; E)
"

⇔ w( r . g. ,
yJ

c- Not

in

position
ev.at

=p (8) . w(g. Y )

WE > Y ) c- I (E)

÷ we Hom ( Nof ,
I (E))

clearly ,
the converse holds as well

.

and
L : ARG ; E)

"
I Hom(Ñg ; TIED



PROPOSITION :

Let it : 9- 41K be the canonical projection .

I an isomdf graded complexes :

ATX ;E7
"
- Hom

,<
( Not/ R ; ICE ) )

{
way,
y

' Cwo E)

a / www.aopgAIG ; E)
"

-: H*( T ; E) I H*(g. K ; I (E ) )

( Here , K acts on Not / p via adjt rep &

on ITE ) via rt translation )

(
w ◦ it is T - invariant as w is .

ucwoit ) is K - invariant under rt translation

& is annihilated by interior products in for ]✗ c- ☒ as a pushes forward to the 0 vector

field .
Err . ..



T CO - COMPACT

E UNITARY T- module

L = 1C

T co - compact ⇒ G is nec . unimodular

⇒ TIG has a unique rtq invariant Radon

measure , nonzero on non-empty open sets .

If Usv c- I (E)

←
ITE ) definition

Then (ucr - × ) , Vcr - × ) ) = ( t.ua/7.8-VLxI)EF-

= (UK) ,
✓(x ) )E

unitary

-
: this is a fn on 1^19 & we can

define a global scalar product by

integrating over TIG . Let IZCE ) be

-
measurable the completion of I.• (E) under this
-: ✗ ↳ UCXJ , VCX)

£
scalar product .

↳ certainly finite
[ )

E norm = measure

is cont . en § can be realized

by integrating over
acpct fund- domain,
where f- c- I (E) is

bdd
.



IKE ) is a unitary G- mod w - r-t . right

translations

Apparently (ITE ))• = I
-

(E)
I

w is a smooth vec
⇔ gi→ñ(g)r is smooth

By somethin of Gelfand & Piatetski - Shapiro

I2(E) = ⊕ Mft , T ,
E) He

stirred .

IN
G- rep

⇒ I.
•

(E) = (I2(E) = ( ^⊕ melt , T, E) Hit )°TEG irrep

1Ihf : • H*(T
,
E) I ⊕ mlit ,T, E) H*(of ,k;HÉ )

it c-Girrep ↑
I think

This sum is finite .

maybe
substituted

• The natural home j* : H*(of ,k ; Et ) - by Hit,0 ,
= H

* (T, E)

H*(of ,k ; I (E ) ) induced by Er → I (E)
G

the space of
e- (g- e) K- finite

vectors

is injective .

as image

hot/Ris
perhaps

Its image is the contribution of the trivial neo- contained
in Hit,O .

What of
rep to of G ,

and mlto it
, E) = dim E" smoothness ?



Sketch of proof : poop
z pages

To

E H
* (of , K ;
I ( E ))

,

H
* ( T ; E) = H*( of , K ; (⑦ Mtv ,T , E) Hit )• )

det S C G imep be finite .

det CE = ⊕
* es

Honk ( 1*9 / R , mcñ , F.E) HE )

C*s, = Honk# of /R ; ( to Mt Hit )• )
IT C- Sc

Then H*(ri E) = ⊕ Mit H*(of , K : HF )
it C- S

⊕ H* ( Gsi )

H*(T ; E) = Ht (TIX ,
É )

Tscpct & locally contractible

This is supposed to imply dim MCM ; E) < a

i. 7 exists a finite set SC Gimp s-t - H
"

for

it ¢5 is 0
.

We now want to show that

H* (Vsi ) = 0



↑ - CO COMPACT

E- G- MODULE

Assume (p , E)
is the restriction to T of

a rep of G.

Consider the map CCG , E)→ (
•

(9. E)

f n ( g Éspcg- 1) fcg) )

% f is M invariant
, then F is defined on

MG

this gives us :
rt regular ④ P

G- mod ↓
I (E) Is C•( TIG :L ) ④

<
E

f n F

(g- play)F(g))✓

If , E) comes from a rep of G ,
we have

HULA
" @ ; E) " ) I H*(of ; GCMG . ↳④ E)



Similar to before ,
we have

L2 ( MG ) =
⑤ Mlt , F) Hit
It c- Gimp

(TIG ) = @ (TIG ) )

IN (E) I (④ Mit Hit )° ④ E

TLEG imep

Theorem :

H*( T ; E) = ⊕ Mit H
*

( of , K ; HE ④ E)

The natural homomorphism : H* (of , K ; E)

→ H*(of , K ; C•(Tla ; L ) ④ E) = H*(Ti E)

induced by identification of E w/ the space of

)( constant E- valued fins on TIG

is injective . Its image is the contribution of

the trivial rep of G.


