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ABSTRACT. Let K be a finite unramified extension of Q,, where p > 2. [CEGS19] and [EG22]
construct a moduli stack of two dimensional mod p representations of the absolute Galois
group of K. We show that most irreducible components of this stack (including several non-
generic components) are isomorphic to quotients of smooth affine schemes. We also use this
quotient presentation to compute global sections on these components.
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1. INTRODUCTION

Let K/Qy be a finite extension. Following [CEGS19, § 3], define the stack R to be the
moduli stack of étale p-modules of rank two. By [Fon91], there is an equivalence of cat-
egories between étale p-modules and p-adic Galois representations of G := Gal(K/Ks)
allowing us to view R as a moduli stack of said representations.

The theory of Breuil-Kisin modules developed in [Kis06] gives us a way to associate to
any Breuil-Kisin module an étale p-module. Indeed, by denoting the moduli stack of rank
two Breuil-Kisin modules of finite height / by Cj, then there is a morphism C;, — R given
(topologically) by

M — M[1/u],

where u is a formal variable. The stack of Breuil-Kisin modules of height 1, denoted Cj,
admits a scheme-theoretic image Z; via the above morphism. Breuil-Kisin modules of
height 1 correspond to étale p-modules which admit natural extensions to representations
of Gk = Gal(K/K) so the substack Z; may be viewed as a moduli stack of representations
of GK.

Such stacks are of increasing interest in the study of p-adic Galois representations, see for
example [EG22]. One method to study such objects is to introduce Breuil-Kisin modules
with descent datum. This approach allows the consideration of those Galois representa-
tions that arise from generic fibers of finite flat group schemes after restriction to a finite
tamely ramified extension of K. In fact, all representations except trés ramifiée ones arise
this way. Here, the trés ramifiée representations are the twists of certain extensions of the
trivial character by the mod p cyclotomic character.

Let K’ be a tamely ramified extension of K. Endowing our Breuil-Kisin modules and étale
@-modules with descent datum from K’ to K allows us to define the morphism C% — R,
To focus on those non trés ramifiée representations, we enforce a Barsotti-Tate condition on
points in the scheme-theoretic image. The Barsotti-Tate condition on representations with
coefficients in a characteristic p field turns out to correspond to a strong determinant con-
dition on Breuil-Kisin modules, see [CEGS19, Theorem 3.9.2]. Let Cfd’BT denote the stack
of Breuil-Kisin modules of height 1 with descent data that satisfy the strong determinant
condition. With this, we attain a morphism Cf BT _, R whose scheme-theoretic image is
denoted Zfd, the stack of non trés ramifiée Gg-representations. We will take these stacks
to be defined over I, a finite field extension of IF,. To reduce notation, we will suppress
the decorations dd and 1 in the symbols for our stacks with the assumption that all of our
objects have descent data and correspond to height 1 Breuil-Kisin modules. Both CPT and
Z are algebraic stacks of finite presentation.

1.1. Main result. By [CEGS19, § 4], the irreducible components of Z can be described in
terms of non-Steinberg Serre weights. Indeed, for such a Serre weight ¢, the associated
irreducible component Z(c) is such that the [F,-points of Z(c) are those representations
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having ¢ as a Serre weight. Such irreducible components serve as the main objects of study
in this paper. In particular, our main result is a smooth presentation of the irreducible
component Z(c) and a computation of its global functions.

Theorem (Theorem 5.0.1). Let p > 2. Let K be an unramified extension of Qp of degree f with
residue field k. Let Z (o) be the irreducible component of Z indexed by a non-Steinberg Serre weight
C=07= ®{;01 (det” Sym"i k?) @y .. FF, where {Ki}{;ol is the set of the distinct embeddings of k

p
i+1

(1) b # (0,0,...,0).

@Qb#(p—2p—2,...,p—2).

(3) Extend the indices of b;’s to all of Z by setting b;, f = b;. Then (b;);cz does not contain a
contiguous subsequence of the form (0,p —2,...,p —2,p — 1) of length > 2.

into IF, and x;, , = «;. Suppose o satisfies the following properties:

Then Z(o) is smooth and isomorphic to a quotient of GL, X SLJZ( ! by G{;H X Gg . The ring of
global functions of Z () is isomorphic to F[x, y] [%]

Note that the case b = (0,0,...,0) can be studied using Fontaine-Lafaille methods.
The key utility of this paper is in providing a description of components indexed by non-
Fontaine-Lafaille Serre weights.

1.2. Outline of the article. We begin in Section 2, by providing a concrete classification
of certain Breuil-Kisin modules defined over Artinian local [F-algebras with descent data
classified by a tame inertial IF-type 7. This closely follows the ideas of [CDM18] which
describe a method to classify such Breuil-Kisin modules into one of three forms which are
convenient for computations. We then describe the automorphisms of such Breuil-Kisin
modules that are needed to study the stack CBT. We find that this method is not foolproof
however, and identify obstruction conditions on T for which our methods fail.

In Section 3, for a given tame intertial [F-type 7, we identify an irreducible component
X (1) of CPT that can be written as a quotient of smooth affine schemes. This utilizes the
classification from Section 2. We then use this quotient presentation to compute the global
functions on X'(7).

Finally, Section 4 is where we analyze the relationship between X (7)’s and the irre-
ducible components of Z. We first explicitly identify the irreducible component of Z that
turns out to be the image of X' (7) C CBT. Subject to the aforementioned obstruction condi-
tions, we allow T to vary in order to obtain as many irreducible components of Z as possible
in the images of X'(7)’s. We then show that the map from X (7) to Z is fully faithful, and
conclude finally that X'(7) is isomorphic to its scheme-theoretic image.

1.3. Acknowledgements. This work was born out of the NSF-FRG Collaborative Grant
DMS-1952556. We would like to thank Brandon Levin for suggesting this problem and
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guiding us throughout our research. We would also like to thank Agnés David, Matthew
Emerton, Bao V. Le Hung and David Savitt for helpful conversations.

1.4. Notation and conventions. Fix a prime p > 2. Let K be a finite, unramified extension
of Qp, with ring of integers Ok and residue field k. Let f := f(K/Qp). Upon fixing an
algebraic closure K, we let Gx = Gal(K/K) denote the absolute Galois group of K and
define Ix and I¥ to be the inertia and wild inertia subgroups of Gk respectively. Fix a
uniformizer 77 of K and a p-power compatible sequence (77,),>0 so that 7p = 7w and 7/ =
71,. We define the field K« to be the compositum Ko = |, K(71,) with associated Galois
group Geo = Gal(K/Ks) C G-

Serving to capture our descent data, let K'/K be a totally tamely ramified extension of
degree ¢ := p/ — 1 obtained by adjoining an e-th root of p to K which we denote 7.
Let k' = k be the residue field of K’. Denote the minimal polynomial of 7g: over K by
E(u) = u® — p. Gal(K'/K) is cyclic of order ¢, and is isomorphic to p.(K), the group of
eth roots of unity in W(k") = Ok. This isomorphism is given by 1 : Gal(K'/K) — u.(K),
defined by h(g) = $Ux).

Usd
Serving as coefficients, let IF be a finite extension of IF, which we assume to be large
enough such that IF contains all embeddings of k into IF,,. We fix an embedding o : k < F,
p
i+1
any i € Z. Since there are f such embeddings, we will commonly take the index to be

iez/fz.

and recursively define «; : k — F for any i € Z such that x; ; = x; and so x; y = «; for

1.4.1. Serre Weights. Recall k/IF, is a degree f extension. A Serre weight is an isomorphism
class of irreducible F-representations of GL, (k). Any such representation is, up to isomor-
phism, of the form

—_

f_
= X (det” Sym” k*) @ . F,
i=0

Oab

where 0 < a;,b; < p—1andnotall g; equal to p — 1. We say 0 is Steinberg if each b; equals
p—1

1.4.2. Tame Inertial IF-Types. An inertial IF-type is (the isomorphism class of) a representation
T : Ix = GL(IF) with open kernel which extends to Gx. An inertial [F-type is called tame if
Ty is trivial.

Let T : Ix — GL,(FF) be a tame inertial F-type. Then T = 5 @ 17, where 1,7 : Ix — F*
are tamely ramified characters. We say T is a tame principal series IF-type if 1,1’ both extend

to characters of Gx. We will assume that the tame inertial F-types 7 factor via I(K'/K) =
Gal(K'/K).
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Y

Given T = 5 @ 1/, let 7; be the unique integer in [0, pf — 1) such that #7'~1(g) = «; 0
h(g)7i. We also define z; € {0,...,p — 1} for j € Z/ fZ so as to satisfy

f-1 ,
(1.4.1) vi = Z zi_p/.
j=0

Note that this implies p7y; = z;11€ + ¥i+1. At times, we will assume the indexing set for
z; to be Z via the natural quotient map Z — Z/ fZ.

2. BREUIL-KISIN MODULES WITH DESCENT

In this section, we introduce some basic definitions and properties about Breuil-Kisin
modules and their moduli space. To begin, we introduce the relevant notions which we
will use for the rest of the paper. Once again, while the general definition of Breuil-Kisin
modules works over characteristic 0, we will restrict to characteristic p.

Let W(k’) denote the ring of Witt vectors of k’ and define & := W(k')[u]. The ring & is
equipped with a Frobenius endomorphism ¢ such that u +— u” which is semilinear with
respect to the usual (arithmetic) Frobenius on W (k') lifted from the natural Frobenius on k'
The Galois group Gal(K'/K) acts on & via g(Y_a;u’) = Y a;h(g)'u’, where ¢ € Gal(K'/K),
Yau' € &and h : Gal(K'/K) — W(K') is the map given by h(g) = w For later
convenience, we also let v = u°®. h

Let R be an F-algebra. We let &g := (W(K') ®z, R)[u] be the extension of scalars
equipped with R-linear actions of ¢ and Gal(K’/K) naturally extended from the ¢ and
Gal(K'/K) actions on &. Let ¢; denote the idempotent of W(k') ®z, R = k' ®g, R =

[T R corresponding to (0,...,0,1,0,...,0) with 1 in the ith coordinate. We can then

K; :k'—TF
write

6r= @ Ru]e.
i€Z/fZ
Definition 2.0.1. A Breuil-Kisin module with R-coefficients and descent data from K' to K is a
triple (M, pon, {8} gecai(k’/x)), consisting of a finitely generated projective &g-module 9 such
that

o N admits a ¢-semilinear map @gy : I — 9N such that the induced map Pop = 1 ® @ay :
SR ®g,&x M — M is an isomorphism after inverting E(u).

o M admits an additive bijection g : 9 — M for each g € Gal(K'/K) which commutes with
@on, respects the group structure g1 o g2 = &1 o $», and satisfies ¢(sm) = ¢(s)g(m) for all
s € SGrand m € M.

We say 9t has height at most 1 > 0 if the cokernel of @y is killed by E(u)". We say
a Breuil-Kisin module 9 is rank d if the underlying Gr-module has constant rank d. A
morphism of Breuil-Kisin modules with R-coefficients and descent data is a morphism of
Gr-modules that commutes with the ¢-action and the Galois action.
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Localizing a Breuil-Kisin module 9t by inverting u gives rise to an étale-¢p module which
we define below.

Definition 2.0.2. An étale-¢ module with R-coefficients and descent data from K’ to K is a triple
(M, @m, {8} gecal(kr/K)), consisting of a finitely generated projective Sr[1/u]-module M such
that

o M admits a ¢-semilinear map @y : M — M such that the induced map ®p; = 1 ® @y :
Sr[1/u] ®yeg[1/u) M — M is an isomorphism.

o M admits an additive bijection g : M — M for each ¢ € Gal(K'/K) which commutes with
@M1, respects the group structure g1 0 g = §1 © $», and satisfies g(sm) = ¢(s)g(m) for all
s € 6r[1/u]and m € M.

Let 90t be a Breuil-Kisin module with R-coefficients. We can decompose 9t in terms of
idempotents

f-1
M = @ m;,
i=0
where M; = ¢;M. Similarly, let M be an étale-p module with R-coefficients. We can decom-
pose M in terms of idempotents

where M; = ¢; M.

In this paper, we will be using this decomposition by idempotents repeatedly and with-
out further comment.

2.1. Inertial descent datum. Let 9t (resp. M) be a Breuil-Kisin module (resp. étale-¢ mod-
ule) of rank two with R coefficients. Let T = 7 @ 1’ be a fixed tame principal series F-type.

Definition 2.1.1. We say 9 has tame principal series IF-type T if (Zariski locally on Spec R if
necessary) there exists a Gal(K' / K)-equivariant isomorphism 9; /uN; = Ry & Ry’ for each i.

Definition 2.1.2. An inertial basis of M; (resp. M;) is an ordered basis with respect to which the
Galois action is given diagonally by n & 1’

Base change matrices that switch a set of inertial bases (comprising a basis for each 9;, or M; as
the case may be) to another set of inertial bases will be called inertial base change matrices, and the
corresponding change of bases will be called an inertial base change.

Our first order of business is to show that we can always find an inertial basis for a
Breuil-Kisin module of tame F-type .

Lemma 2.1.3. Let 9 be a Breuil-Kisin module of tame F-type T. For all i € Z/fZ, (Zariski
locally on R if necessary), there exists an ordered R[u]-basis (e;, f;) of MM; such that the action of
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¢ € Gal(K'/K) is given by
21.1) glei) =n(&ei, Z(fi) =7'()fr

Proof. Let {;}; be the set of pairwise distinct characters of Gal(K’/K) valued in F-algebras.

Fix i € Z/fZ. We first claim that as F[v]][Gal(K'/K)]-modules, M; decomposes as
695]' Sﬁi,g]., where zml-,gj is the part of M1; on which Gal(K’/K) acts via the character ¢ j- Grant-
ing this claim, we observe further that this decomposition is in fact as R[[v]][Gal(K'/K)]-
modules. This is because each 9 ¢, is an R[[v][Gal(K'/K)]-submodule, since multiplying
an eigenvector by something in R[[v] doesn’t change the eigencharacter.

We now consider this decomposition mod u. Without loss of generality (up to passage
to an affine open cover of Spec R if necessary), we have the following isomorphism of
R[Gal(K'/K)] modules:

Rx® Ry = @Mz, mod u,
9]
where x is an eigenvector for Gal(K’/K) with eigencharacter 7 and y is an eigenvector for
Gal(K'/K) with eigencharacter 7. Therefore, there exists some ¢; € 9;, whose reduction
mod u is x, and similarly, there exists some f; € 9M; ,» whose reduction mod u is y.

Suppose (Lo axt*)e; + (Lo bxt¥) fi = 0 for some Y=g axu, Yo bxu* € Rl[u]. Sup-
pose n is the smallest degree so that either a, or b, is nonzero. As 9; is u-torsion free, we
can divide the equation by u" and assume, without loss of generality, that 29 # 0. As ¢; and
fi are linearly independent mod u, ay is forced to be 0, giving a contradiction. Therefore, e;
and f; are linearly independent, and we have an inclusion R[u]e; ® R[[u] f; < 90;, which
is an equality mod u. By Nakayama, R[[u]e; ® Ru] f; — 9M; is an equality.

Now, we prove the claim that every F[v][Gal(K'/K)] module decomposes as a direct
sum over characters.

Let r € F[[v][Gal(K'/K)] C F((v))[Gal(K'/K)]. As the order of Gal(K'/K) is prime
to the characteristic of IF and Gal(K'/K) is abelian, ¢ = g1 + ... + 1t where each t; €
IF((v))[Gal(K'/K)] is acted upon via the character ¢;. We induct over r to show that each g;
is in fact an element of F[v]|[Gal(K'/K)]. Suppose the statement is true for r = n. Given
I =11+ ...+ + Ins1, there exists ¢ € Gal(K'/K) such that ¢1(g) # ¢2(g). Applying g
tor =11+ .. +tn +nr1, we get gr = &1(Q)r1 + - + &nt1(9)rn1 € Fv][Gal(K'/K)]. As
each §;(g) is an eth root of unity, it is a unit in R, and therefore r1 + )& + . +
gfl(g)gnﬂ(g)?nﬂ is an element of [F[[v][Gal(K'/K)]. Subtracting 1y + ... + tn + Int1, We
obtain a nonzero sum with n terms and the induction hypothesis applies.

This argument shows that if A is a free F[v] [Gal(K’/K)] module, it breaks up as direct
sum over characters §;, pairwise distinct. Let B be a submodule of A. Suppose r; + ... + 1 =
0 mod B where each r; is an eigenvector with eigencharacter ¢;. The exact same argument
as in the previous paragraph shows that eachrj =0 mod B. Therefore B also breaks up as
direct sum over characters, and consequently, so does A/B. This establishes the claim. []
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The Frobenius ®gy restricts to a map ¢*9M;_1 — M; which we will call the i-th Frobenius
map and denote by ®yy ;. After fixing an inertial basis for each i, let the i-th Frobenius map
be represented by

such that A](-i) € R[u] with

Doni(10eiq) = Ao+ AV f, ®oni(1© fig) = Ale; + AV,
foranyic Z/fZ.

Lemma 2.1.4. Suppose y # 1. After fixing an inertial basis for each i, each Frobenius linearization
Doy i 0 @ (M;_1) — IM; has a matrix of the form:

(i) e—7ic(i)
S u 'S
(2.1.2) F = ( ' 0 ) ,

Yi
U'tsqy 54

(i) ;
wheres;” € R[v], fori € Z/fZ.
Proof. This follows easily from the commutative condition between ¢ and Gal(K'/K) ac-
tions. ]

We will further refine the form of the Frobenius action in a subsequent section but first,
we must find a description of inertial base change matrices.

Lemma 2.1.5. Suppose M (resp. M) is a Breuil-Kisin module (resp. étale-¢p module) with an
inertial basis for each IM; (resp. M;).

(0 ()
%i) ZZ?“) be an inertial base change matrix in GLy (R [ul]) (resp. GLa(R((u))).
3 4

Foreachi,let P; = <b
b
Then b\, b € R((0)), b € ue="R((v)) and b € uR((v)).

Proof. P; is an inertial base change matrix if and only if for all ¢ € Gal(K’/K), we have:

g (n@g) 0\ oy (n(g) 0
b (0 77’(@) $(R) (0 n’(g)> -
(n(g)g(b ) n(g)g(béi?)) _ (n(g)bi’:) ﬂ’(g)béf))
7()35)) 1)) \n(g)by (8]
(i) (i)

Comparing the entries and letting x = 717'~!, we get g(b%i)) = b", g(bgi)) = x(g)71b,’,

W~

g(bél)) = x( g)b(i) and g(bii)) = bfli). The statement of the lemma follows immediately. [
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2.2. Stacks. We introduced several stacks of Breuil-Kisin modules and Galois representa-
tions in Section 1. In this section, we recall more precisely the definitions of some of these
stacks from [CEGS19] for later reference. We will be suppressing the superscripts “dd” (for
descent data) and “1” (indicating that the stack is defined over [F) from the original notation
used in [CEGS19].

Definition 2.2.1. We define C to be the stack defined over [F characterized by the following property:
For an F-algebra R, C(R) is the groupoid of rank two Breuil-Kisin modules defined over R of height
at most one and descent data from K’ to K.

Definition 2.2.2. We define C* to be the closed substack of C corresponding to Breuil-Kisin modules
of tame inertial IF-type T.

Definition 2.2.3. We define CBT (resp. C™BT) to be the closed substack of C (resp. CT) corre-
sponding to Breuil-Kisin modules that additionally satisfy the the strong determinant condition in
[CEGS19, Definition 3.5.2].

We will not recall the precise definition of the strong determinant condition because it is
technical and not important for this article. The essential idea is that if IF’ is a finite exten-
sion of IF, then by [CEGS19, Lemma 3.5.16], the F points of C BT are precisely those Breuil-
Kisin modules whose corresponding Galois representations become Barsotti-Tate over K'.
The CBT is the reduced closure of such points.

By inverting the formal power series variable u in &, we can transform a Breuil-Kisin
module into an étale-¢ module. This gives us a morphism from C to the stack of étale-¢
modules with descent data, denoted R.

Definition 2.2.4. We define Z (resp. Z7) to be the scheme-theoretic image of the natural morphism
CBT — R (resp. C*BT — R), in the sense of [EG21].

By [CEGS19, Thm 3.9.2], the F,-points of Z are the continuous representations 7 : Gx —
GL,(F,) that are not trés ramifiée. The irreducible components of Z are labelled by Serre
weights, so that if 0 is a Serre weight and Z(0) is the corresponding irreducible component,
then the FF,-points of Z(0) are precisely the representations 7 : Gx — GL;(IF,) having
o € Wis(7) (see [BLGG13, Definition 4.1.7] for a precise definition of WS (7)).

2.3. Classification in rank two. The objective of this section is to classify and describe rank
two Breuil-Kisin modules with descent data that satisfy some additional conditions, which
we now introduce.

Definition 2.3.1. [CDM18, Definition 3.1.1] A Breuil-Kisin module 0 defined over an F-algebra
R with descent data is said to be of of Hodge type vy if it is of rank two, height at most one, and the
u-adic valuation of the determinant of each Frobenius map Doy ; = ¢*(M;i—1) — M; ise.



COMPONENTS OF THE EMERTON-GEE STACK 10

Lemma 2.3.2. Suppose R is a field and 9 is a rank two Breuil-Kisin module over R with tame IF-
type T and height at most one. Then Hodge type v condition is equivalent to the strong determinant
condition of [CEGS19, § 3.5].

Proof. We will use [CEGS19, Lem. 3.5.11, Prop. 3.5.12] for the proof. Although these results
are stated for coefficients in finite fields, the proofs in fact work for all fields over FF.

One direction (strong determinant condition implies Hodge type v condition) follows
from [CEGS19, Lem. 3.5.11 (2)]. For the other direction, we observe firstly that 9t; /im(Pyy ;)
is a finitely generated torsion R[u] module, being a quotient of M; /u*M;. The determinant
of ®gy ; is the product of the invariants of 9M;/im(Pygy ;) times a unit. Therefore, the sum
of u-adic valuations of the invariants is e, implying that the dimension of 9t;/im(®Pgy ;) is
e. By [CEGS19, Lem. 3.5.11 (1), Lem. 3.5.12], the strong determinant condition is satisfied
if and only if dimpg <%> = ¢(K/Qyp) -e(K'/K) = e. As 9; is a rank two free module

over R[ul|, M;/u9M; has dimension 2e over R, and thus dimpg <im£;§;§€,,-)) =e. O

Suppose Mt is Breuil-Kisin module over R satisfying the Hodge type vy condition and is
of tame principal series F-type T = 1 @ iy’ with 57 # 5. By Lemma 2.1.4, we know that with
respect to inertial bases for ;_; and 9;, the i-th Frobenius map ®yy ; is represented by a
matrix F; of the form (2.1.2). Since det(F;) = sgi)sg) — Usg)sgi), the Hodge type vp condition

(1)

implies v | ng) s, - This gives us three cases:

(1) If sgi) is a non-unit and sg) is a unit mod v, then F; is of genre I,;, denoted by G(F;) =
117 . ' )
(2) If ng) is a unit and sg)

L.

(3) If both sgi) and sz(f) are non-units mod v, then F; is of genre II, denoted by G (F;) = II.

is a non-unit mod v, then F; is of genre I/, denoted by G (F;) =

A direct calculation shows that if {P;};cz, rz 1s a set of inertial base change matrices, then
G(P1-F - ¢(Pi_1)) = G(F). We are therefore justified in defining the genre of 9t to be
Q(Sﬁl) = Q(Fi).

Definition 2.3.3. For a Breuil-Kisin module 9t over R of rank two, height at most one and tame
principal series F-type T = n © n’, let {F;} be the Frobenius matrices written with respect to a
choice of inertial basis for each i. Suppose n # n'. We will say that F; is in n-form if its top left
entry is divisible by v. If the bottom right entry is divisible by v, we will say it is in y'-form.

The property of being in n-form or in 1'~form is preserved by inertial base change, and can be seen
as a property of the i-th Frobenius map ®qy ;.

Definition 2.3.4. A Breuil-Kisin module 9 over an F-algebra R with descent data is regular if
it is of Hodge type v, tame principal series F-type T = 1 @ i’ such that  # ', and with each
Frobenius map either in nj-form or in '-form.
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For the rest of this section, our Breuil-Kisin modules will be defined over an [F-algebra
R, and will be regular. We now turn to show that when R is Artinian local, we can choose

inertial bases such that each Frobenius matrix F; takes one of three forms depending on the
genre G (M1;).

Definition 2.3.5. Let R be an Artinian local ring over IF with maximal ideal m. Let 9t over R be
reqular. We say that the Frobenius matrices {F;} (written with respect to an inertial basis for each
9;) are in CDM form if fori € {1, ..., f — 1}, we have:

;

v 0
ifG(F) =1,
Aiu%‘ 1 f ( l) 1
0 —ut
if G(F;) = L and F; is in nj-form,
uti Al
F; = <
1 Alut7i ,
( l ifG(F) = Iry’r
0 v
A —ut v
( 71 ! if G(F;) = Wand F; is in n'-form,
uvi 0

while fori =0,

if G(Fo) = Ly,

1 Afjuc=70

ng(FO) = 117//
0 v

a 0 0 —ut="70
f G(Fy) = land Fy is in 1-form,
(O o (u% A6 ng( 0) an olsmnform

R

0\ [Ay —ue

. o . . /_
/ o if G(Fy) = land Fy is in n’-form.
« u 0

\

where each of w, o', A;, A are elements of R. Moreover, when G(F;) = Il and F; is in y-form,
Al € m. Similarly, when G(F;) = Il and F; is in n’-form, A; € m.
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We will describe these matrices in terms of the parameters (x,a’, Ao, Ap, ..., A f_l,A}_l). If no
A; shows up in the description of F;, we set it equal to 0. Similarly, if no A} shows up in the
description of F;, we set it equal to 0. Note that, in general, (a,a’, Ag, A}, ..., Af_q, A}_l) do not
uniquely determine the Frobenius matrices. They do, however, if we know which Frobenius maps
are in 1j-form and which are in y'-form.

Definition 2.3.6. Let R be an Artinian local ring over IF with maximal ideal m. A regular Breuil-
Kisin module 9t over R is of bad genre if the following conditions are satisfied:

(1) Vi, (G(F), =) € {(IL0), (IL p — 1), (1,1}, (I, p — 1), (,0), (I, p — 2)}.
(2) If (6(F),zi) € {(1L,0), (L;,0), (I, p — 2)}, then

(G(Fit1)ziv1) € {(ILp—1), (L, p—1), (L, p—2)}
Q) If(G(F),zi) € {(IL,p—1),(1;,1), (I, p — 1)}, then

(G(Fit1),ziv1) € {(IL0), (I, 1), (I, 0) }.

The (z;); are as defined in (1.4.1).

Proposition 2.3.7. Let R be an Artinian local ring over IF with maximal ideal m. Let 9 be a
regular Breuil-Kisin module over R, not of bad genre. Then there exists an inertial basis for each I;
with respect to which the Frobenius matrices are in CDM form (see Definition 2.3.5).

The proof of Proposition 2.3.7 is very similar to that of [CDM18, Lem. 3.1.20], with slight
differences to accommodate Artinian local algebras. Before showing the proof, we first
state some of the lemmas and definitions used in the proof.

Definition 2.3.8. (As in [CDM18, Lem. 3.1.16]). Let R be an Artinian local ring over F with
maximal ideal m. Define an operation B as follows. For any

vs1 Ut s
G =
uvss Sy

with s; € R[v] and det(G) = va for some « € R[v]*, define A, A’ € Rby A = s3/54 mod v (if
sy is invertible) and A" = s4/s3 mod v (if s4 is not invertible). Then B(G) is defined as follows:

(
s1 — Asy ut7sy _
ifs4 € R||v|*
(u’)’s3ués4 f [[ ]:I ’

54

) if s & R[[v]*.

s — A’sy ut sy
S3
\



COMPONENTS OF THE EMERTON-GEE STACK 13

Note that det(B(G)) = +a, so B(G) is invertible. Furthermore,

B(G) ( ? 0) if sa € R[0]",

Au? 1
(2.3.1) G=
0 u" , .
B(G) (W " ) if s4 ¢ R[[v]".
For any

G— s1 u®7sp
u¥sz  vsy
with s; € R[v] and det(G) = va for some a € R[v]*, define A, A" € Rby A = s1/s, mod v

(if s1 is not invertible) and A" = sp/s1 mod v (if sq is invertible). Then B(G) is defined in a way
that is compatible with the above definitions if we want to interchange 1 and y'. That is,

s uef'ySz*I:VSl
( ! " ifs1 € R[[v]%,

u¥sy  s4— A'sz

S uefysré‘\sz
(2 " ) ifs1 ¢ R[[v]*.

uvsy sz — Asy

Note that det(B(G)) = +a, so B(G) is invertible. Furthermore,

B(G) (1 A'””) ifs1 € R[],

0 u¢

B(G)(A ”607) o1 ¢ R0l

Lemma 2.3.9. Consider the matrix

P o1 Ut vi-1gy
- . 7
u71710'3 04

with o; € R[v] and det(P) € R[u]*. Also let

F_ va ut"ib or a ut"ip
~ \uic d uvic vd

with a,b,c,d € R[v] and ad — bc € R[[v]*. Further let M be the matrix such that F = B(F)M,
where B is the operation in Definition 2.3.8. Then B(F¢(P)) = B(F)B(Me¢(P)).
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Proof. Let X be such that M@(P) = B(M¢(P))X and Y be such that Fo(P) = B(F¢(P))Y.
It suffices to show that X = Y, because if so, by inverting X and Y in GL,(R((v))), we can
show that B(Fg(P)) = Fp(P)Y~! = B(F)M¢(P)X~! = B(F)B(Mg¢(P)).

We first consider the case where F = ( va u* b > Note that for any G = < o ”6_7“2)

ulic d ulisy sy

with s; € R[[v] and det(G) = va for some a € R[[v]*, we can calculate B(G) and scalars
A or A’ so that (2.3.1) holds. It suffices to show that A and A’ do not depend on whether
G = Fo(P) or G = M¢(P). We have

Fo(p) [ 209000+ bup(03)  ut=T (a5 g(03) + bo(oy))
P \witep(on) + duig(en)) w0 g(or) +dgler) )

Let X denote the constant part of any x € R[v]. By Definition 2.3.8, M is given by:

R BT

u“ﬁ% 1

M —
0 ut v
. ! ; ) ifd ¢ R[o]".
Therefore,
U(P(Ul) ue*%’ue(P*Zi)(P(Uz) fde R[[U]]*
Wi (E(o1) +uig(os)) SuP==)o(0) + ()
Mo(P) =

ez; e—7y;
o q)d(%) " 90(‘7421 ifd ¢ R[o]".
wi(p(or) + Luig(oz)) w2 g(0s) + Lo(oy)
Then X = Y follows immediately from Definition 2.3.8. Similar considerations hold for the
case F = (u,?ic ur b ) O

Definition 2.3.10. Let R be an Artinian local ring over IF with maximal ideal m. Let n € Z > be
the maximum such that m" # 0. For t € Z >, define the ideal I; C R[v] as follows:

(ee]

L={ Y  av'€R[v]:a0€m}

i=max {t—n,0}
In other words, for t < n, I; = {Y°ya;0' € R[v] : ap € m'}. Fort >n, I} = {y°, a0’ €
R[]}

Definition 2.3.11. Let R be an Artinian local ring over F with maximal ideal m. We say that Py
and Py are t-close if there exists a matrix

Y = yll ueiviyZI
u'yzyg y4
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satisfying y1 = yo = y3 = ya =0 mod I}, such that Py = Py + Y.

Lemma 2.3.12. (c.f. [CDM18, Lem. 3.1.19]) Let R be an Artinian local ring over IF with maximal

ideal m. Let
/ e—y;_ /
p’ _ 0'1 ye=7i 10'2
Yi-1g! /
uvi-1g, 0y

be an inertial base change matrix which is t-close to Id.

e=7i
(1) Let M = (u;}l‘a (1)> fora € R. Then B(Mg¢(P')) = (uglag, ! o (72> satisfies:
o —1= g[)((?'{ — 1) mod It_|_1,
0, =0 mod Iy,
0 ifzi#1,p—1,
03 = q)(o’é) zle- =1, mod It_|_1,
—a*p(ey) ifzi=p-1,
op—1=¢(oy—1) mod I.
The congruences also hold true mod v.
e—Yig/ e—7i
(2) Let M = ((1) " ” ¢ ) fora’ € R. Then B(Mg(P')) = (ugl% " o 02) satisfies:
o —1=¢(c;—1) mod I,
0 lei # 0, p— 2,
o = —a?@(0}) ifz; =0, mod i1,
@(Ué) Zfzi - P - 2/

03 =0 mod [;,q,

oy —1=¢(o,—1) mod ;1.
The congruences also hold true mod v.

(0wt , [ a wut L
(3) Let M = (u%‘ . )fora emorM = (u%‘ " )fora € m. Then B(M¢(P')) =

o1 ut g,

satisfies:
uvigs 0y fi

op—1=¢(oy—1) mod I,

0 ifzi # 0,

= ‘ mod I,
QD(O'é) Zfzi =0,
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0 if z; -1,
03 = / 1fzz 7P mod I;41,
¢(oy) ifzi=p—1,
op—1=¢(c7 —1) mod I;.
Proof. (1) We have
/ =i (utP=2) g (a}))
o 0(]) u o) )
M) (u%+1<u62fqo<a§> +ap(e])) plog) -+t g(oh)

Letb € R such thatb = % mod v. Then B(Mg(P’)) = ( oL ”67”‘72> where

4 wlios oy
01 —1=g(o] —1) — 0P #)bg(c3),
o = oV g(a3),
o3 = ag(0q) — be(a}) + v g(03) — abolP g (03),
o —1 = avP~%) g (a}) + oo} — 1).

The congruences for 01, 02 and 0y are immediate from the above. For o3, consider
first the case where t > n. Then ¢(0] — 1) = ¢(03 — 1) = ¢(03) = @(03) = 0
mod I, (as p > 2). Moreover, a = b. We have, therefore,

o3 =av"! (g(o] —1) = p(03 — 1)) + 07 9(03) — a*oP ().

The right hand side is 0 mod I;1 and so are ¢(c}) and a?¢(0}).

Now, let t < n. First consider the case where z; = 0. The right side of the equal-
ity vy = ap(c]) — bo(o}) + vFig(c}) — abvP=3)(g}) can have no constant terms.
Therefore, vos depends on v”¢(0}) and the nonconstant parts of ¢(c7), ¢(03) and
¢(0y), which are all 0 mod v?. Therefore, 03 = 0 mod v and therefore, mod I, ;. If
z; # 0, voz depends on vP~Zi¢(0}), v¥¢(0}) and the nonconstant parts of ¢(¢7) and
@(0}). The latter two terms are 0 mod v?. This gives us the following equivalence
mod v (and hence, mod I;1):

il g(03) — a*oP T i g(0y).

The desired congruences follow from the same reasoning as for the first case.
(2) We have

/ ¢(o7) +au =) () u (w1 g (03) + a'g(0y))
MGD(P ) - Yi(1,6(1+2;) / ! .
wli(ue = g(a3)) vg(oy)
(p=1-2)
7

03 =0

—1—

W% mod o. Then B(Mg(P')) = ( o1 ”6_7i02>

wlioy oy

Let b’ € R such that b/ =
where

) g (dh),

v, = 0P (03) + a9 (0h) — V' (9(0]) + a0 g(d})),

o —1=g(o] —1) — a0
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= o1 #) p(d}),

oy —1= b’v(1+zi)qo(c7§) + (g —1).

03

The desired congruences follow.
(3) Suppose M = ( 0 Me;,”) for a’ € m. We have

uvi
e(14z;) / e—7i /
Mp(p)= (W el el )
wi(g(o]) +a'uig(ah)) u'P==)g(o}) +d'¢(o})
Let b’ € R such that b/ = U,ﬂ% mod v. Note that b’ € m because @’ € m, and
1 3

a'(o4—0])—av%icy _

that b’ = @’ mod m* because V' —a' = ==L = 0 mod (m?v). Then
1Tavoy

B(Me(P")) = (ugil(@ uic ), where

04

01— 1= g0y — 1) = 'v%9(03),
0 = v%ig(03),
vos = 0P g(03) +a'(03) — V' (9(0]) +a'v*ip(03)),

! \Zi

oy —1 =901 — 1) +a'v%g(03).

On the other hand, suppose M = ( g u ) fora € m. Let b € R such that

uli 0
b = # mod v. Again, note that b € m, sincea € m and that b = a
ap(P—1 Zf)(Té-HTi

mod m?. By symmetry (we can interchange 7 and 7’ to convert this to a previous
computed case), we have B(Mg(P')) = ( u;?@ ”E_Uzi‘fz ), where

01 — 1 =aolP" "5 g(03) + (0} — 1),

v, = 09 (04) + ag (o)) — b(g(}) + a0 g(a3)),

03 = oV "H g (),

os—1= (0} — 1) — bolP~1=) p(c}).

The congruences follow immediately.

O
. 0(5) ue—’ysa<5> .
Proof of Proposition 2.3.7. We set Py = Id and construct Ps = ( () % ) inductively
u’so, oy
by letting B(Fs+19(Ps)) = Psy1As41, where we choose As;1 to be a diagonal matrix in

GL;(R) such that the diagonal entries of P are 1 mod v. Here, the indexing set of the
Frobenius matrices F; is extended to all natural numbers via the natural map Z — Z/ fZ.

We let My = B(F;) 'F; (so that M, f = M;). Trivially, Ps and Py, are O-close (see
Definition 2.3.11). Suppose Ps and Py s are t-close for t > 0. Let Y = (mysly3 ”e;ryz ) be such
that Ps = Pg r + Y.
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We use Lemma 2.3.12 to calculate the differences between B(Ms1¢(Ps)) and B(My r11¢(Psyf))
mod [i11. Let B(Ms119(Ps)) = B(Msyr119(Psrf)) + Y where Y/ = ( not %Hh).

u75+1y/ yl
Since the diagonal entries of both P; and Ps, ¢ equal 1 mod v, y; and y4 are 0 3mod v and

therefore, ¥} and i}, must be 0 mod I;,1. Moreover, at least one of y5 and y4 is 0 mod I;1.
Either (but not both) of ¥/, and y4 can depend on either (but not both) of y, and y3 mod I;44
depending on the genre of F; and the value of z; 1. Since ¥, and y3 are 0 mod I, the same
ends up being true for ), and yj5.

Using Lemma 2.3.9, we have:

B(Fs+f+1(P(Ps+f))715(Fs+1§0(Ps))

= B(Ms119(Py5)) ' B(Foy1) ' B(Foy1) B(Mss19(Ps))
= B(Ms119(Ps5)) " (B(Ms419(Porf) +Y')

= 1d + B(Ms19(Psif)) Y.

)71
)—1

Since P is O-close to Id and the diagonal terms of Ps, are 1 mod v , we can use
the congruences in Lemma 2.3.12 to conclude that B(Ms1¢(Ps.¢)) ! has the form Id +

X1 ué Ts+1 X
uVs+1yx x
3 4

), with x1, x4 € I;. Therefore,

) !t oxoy, Ut~ s+ (xqyh + x2y})
B(Mey19(Poy)) Y = Y/ 4 | T 0305 et
(Ms419( s+f)) + (u%ﬂ (XByﬁ + x4y§) vx3y’2 + x4y2

is (t + 1)-close to Y’. This is evident when t < 1, because in that case, [1I; C ;1. On the
other hand, when t > n, yg and yg are already 0 mod I; 1, and the assertion follows.

This implies that B(Fsyr11¢(Psyf)) and B(Fs1¢(Ps)) have the same diagonal entries
mod I;1 and consequently, Ag11 = Agyry1 mod mit1, Further,

P;rlfHPsH = Ay 1 B(Foy p19(Poyp)) 7' B(Fo19(Ps)) A
= Id+ Agy p 1 B(Msy19(Pasp)) 'Y AL,

where the entries of PS_+1f+1PS+1 —Id = ASJerB(MSﬂ(p(PSJrf))’lY’A;rll differ from those
of B(MSJrl(p(PHf))’lY' by some scalars congruent to 1 mod I; 1. As a result, Ps_+1f+1ps+1 —
Id is (t + 1)-close to Y.

Note that since the diagonal terms of P ¢, are 1 mod v, Y = Py 14 (Ps_+1f 1 Psp1— 1d)
is (t + 1)-close to Ps_+1f+1ps+1 — Id. Therefore, Ps 11 = Py 1 +Y" where Y" is (t + 1)-close
toY'.

We now induct on s. It is evident from the pattern of dependencies in Lemma 2.3.12 that
if M is not of bad genre (see Definition 2.3.6), the chain of dependencies on vy, and y; is
broken during the induction process and we get a Cauchy sequence (P f)n. Therefore,
we can set P() = lim Pi s and let F] := (PD)~1F@(PU=1). Then F/ has the following

n—oo

form:
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v 0
A; ifG(F) =1,
1 Al-zﬂi 1 ( z) n
0 ue
A; if G(F;) = Il and F; is in y-form,
urn Al
(2.3.2) F/ = {
1 Aluevi
A, i if G(F) =1,
0 %
A e—=7i
Al if G(E) = I and F; is in /~form,
uVi+1 0
\

where A; are diagonal matrices with entries in R* and A;, A} € R. Note that when G(F;) =
I, the diagonal terms of F/ are in m.

Now we do one final base change by diagonal scalar matrices Q; where Qp = Id and
Q1, ..., Q-1 are defined inductively so that G; = Qi_lFiQi_l is in CDM form. ]

Remark 2.3.13. Note that the definition of bad genre in Definition 2.3.6 is minimal in the sense
that for any choice of bad genre, it is easy to write Frobenius matrices that prohibit the convergence
of the algorithm in the proof of Proposition 2.3.7.

2.4. Base changes. We continue to assume that our Breuil-Kisin modules are regular (see
Definition 2.3.4).

Proposition 2.4.1. [CDM18, Prop. 3.1.22] Let R be an Artinian local ring over IF with maximal
ideal m. Let 9 be a reqular Breuil-Kisin module over R, not of bad genre. Let the Frobenius matrices
G; be in the CDM form with parameters («, o', Ao, A, .., Af_1, A}fl). Suppose there exist inertial

base change matrices P;, so that if F; = Pi_lGigo(Pi_l), then {F;}; are also in the CDM form with
some parameters (B, B’, Bo, By, ..., B J B}_l). Then the following hold true:

(1) For all i, P; are necessarily of the form:

A O
P = ! L,(R).
: (0 Vi)EGZ()

(2) IfG(F) € {Iy, Ly}, thenfori € {1,..., f =1}, Ay = Ay and p; = 1.

B) IfG(F) =1, thenfori e {1,...,f =1}, A\j = pj_q and u; = A;_1.
Therefore the parameters (B, B, Bo, By, ..., Bf_1, B}_l) are obtained by suitably scaling the parame-
ters (a, &/, Ap, A}, ..., A F-1s A}fl) as dictated by the base change matrices.
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The proof of this proposition uses a few more lemmas given below.

Lemma 2.4.2. Assume the setting of Proposition 2.4.1. Let C; = B(G;p(P;,_1)) 'G;p(P;_1).
Then C; = A; 'F; where A; is the identity matrix for i € {1,...,f — 1} and equals <§ /2, ),for
i=0.

Proof. Let c;, c; be such that:

v 0
ifG(G;) =1,
(ciu%' 1) (G 1
( " 71)
(1 cue 71)
c; ut
\ uv 0

Since P, 'G;(Pi_1) = F;, we have P 'B(G;¢(P;_1))C; = F.. Inverting C; in GLy(R((1))),
we obtain that F;,C;! = P, 'B(G;@(P;_1)). Notice that P, 'B(G;@(P;_1)) is in GLy(R[u])
and therefore all the entries of F;,C; ' must be in R[u].

= Il and G; is in -form,

if G(G
(2.4.1) C: =
if G(G Ly,

if G(G;) = Il and G; is in i’-form.

Now, consider the case where G(G;) = I,.

-1
1A v O v 0
R =4 (Biu%' 1) (—ciu%’_e 1)

1 0
= A:
! ((Bz — ci)u_e+7i 1)

We conclude that the entries of F,C;” L are in R[u] if and only if ¢; = B; or in other words,
C = Az._lFi. The other three cases involve similar computations and conclusions, and are
omitted. ]

Lemma 2.4.3. Assume the setting of Proposition 2.4.1. Ifi € {1,..., f — 1}, then P; = B(G;¢(P;—1)).

Furthermore, Py = B(Gog(P ))(ﬁf1 0 )
, £o = 0P Lf—1 0o p1)
Proof. By Lemma 2.4.2, P, 'B(G;p(Pi_1))A;'F = P 'Gip(Pi_1) = F. Inverting F; in
GLy(R((u))), we have P, 'B(Gip(P;,_1))A; ! = Id, and therefore, P; = B(G;p(P;i_1))A; .
O
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Lemma 2.4.4. Assume the setting of Proposition 2.4.1. Assume both the diagonal entries of Py
equal 1 mod v. Then P; = Id for all i.

Proof. Suppose that P is t-close to Id (this is automatically true for t = 0 from the hy-
pothesis in the statement of the Lemma). We apply Lemma 2.3.12 successively to com-
pute the congruences for P; = B(G;¢(P;_1)) as i goes from 1 to f — 1, and then finally for

B((%" 21 ) Gog(Pr1)):

We obtain that
a0 o U0,
B G P _ e ’

where
m—l=m=0m3=04—1=0 mod [;.

By Lemma 2.4.3,

-1
Py = B(Gog(Py-1)) <ﬁo 5 1)
— (g 0?’) B( ("‘O (X,O_1> Gop(Pr_1)) (’BO ﬁ/o—l) (using Lemma 2.3.9)

(a0 o ue\ (B0
SN0 o) \ures oy 0o gt

Recalling that Py has diagonal entries equal to 1 mod v, we have:
aploy—1=d/ploy—1=0 mod o,
aploy—1=a'p oy —1=0 mod I,
af 1oy =a/flo3 =0 mod Iy 1.

The mod v congruence shows that « = f and &’ = B’. Therefore, P is (t + 1)-close to Id.
Induction on t gives us the desired proof. O

Proof of Proposition 2.4.1. Suppose the top left entry of Py is Ao mod v, while the bottom right
-1

entry is yp mod v, where Ay, 4o € R*. Let Q; := /\6 ygl ) where A; and y; are defined in
the following manner fori € {1,..., f —1}: If G(G;) € {I;;, I/}, then we let A; = A;_; and
ui = pui1. X G(G;) =11, welet A; = ;1 and y; = A;_1. To prove the proposition, we must
show that P; = Qi_l.

Observe that the matrices H; = Q;lPi(p(Qi_l) are still in CDM form (see Definition 2.3.5).
We now consider the base change given by the matrices P;Q;, that transforms G; to H;. By
the choice of Ag and yy, the diagonal entries of PpQp equal 1 mod v. Applying Lemma 2.4.4,

we have P;Q; = Id for all i, and therefore P; = Qi_l. U
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Corollary 2.4.5. Let R be an Artinian local IF-algebra. Let N be a reqular Breuil-Kisin module
defined over R and not of bad genre. Let {F;}; and {G;}; be two sets of Frobenius matrices for O
written with respect to different sets of inertial bases. Then the base change matrices {P;}; to go
from {F;}; to {G;}; are unique up to multiplying each of the P; by a fixed scalar matrix.

Proof. Since each set of Frobenius matrices can be transformed into CDM form, it suffices
to check the assertion when {F;}; and {G;}; are assumed to be in CDM form. From the way
the parameters for the Frobenius matrices transform under base change, it is immediate
that the base change matrices are uniquely determined up to scalar multiples. O

For the remainder of this section, we will make the following assumption for a Breuil-
Kisin module 9t defined over R.

Assumption 2.4.6. 9 is a regular Breuil-Kisin module over R, not of bad genre. Each of its
Frobenius maps is in nj-form, and none are in n’-form.

The assumption is justified because allowing some Frobenius matrices to be in 7’-form
will offer very little advantage in our eventual conclusions but inundate the text with sig-
nificantly more notation - a discussion of the effect of allowing some Frobenius matrices to
be in #'-form is in the Appendix.

Via Proposition 2.3.7, we can now describe Frobenius maps very parsimoniously using
matrices in CDM form. Base changes between CDM forms also have an easy description
using Proposition 2.4.1. This bring us one step closer to finding a finite presentation of the
stack of Breuil-Kisin modules. We now turn our attention to furthering this process, specif-
ically to understanding the base changes that allowed us to write the Frobenius matrices in
the CDM form. Specifically, we will be studying the matrices P() = 1}3’}1{}0 Piy,r showing up
in the proof of Proposition 2.3.7. We will also analyze obstructions to a parsimonious de-
scription, one of which we have already seen show up as a ‘bad genre’ condition. We have
seen that 9t can be of bad genre only if the infinite sequence (z;);cz is made up entirely of
the building blocks 1 and (0, p — 1). On the other hand, if (z;);cz is such, we can find an 9
of bad genre by choosing the entries of the Frobenius matrices suitably. This motivates the
following definition.

Definition 2.4.7. We say that a tame principal series IF-type T faces the first obstruction if (z;)icz
is made up entirely of the building blocks 1 and (0,p — 1).

Proposition 2.4.8. Let R be an Artinian local ring over [F with maximal ideal m. Let 9 be a
Breuil-Kisin module over R satisfying Assumption 2.4.6. Suppose with respect to an inertial basis,

F; has the form
va; u°ib;
u%Cl‘ di
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with a;, bj, ¢;,d; € R. Let PU) = nh_r)rc}o Pj 5 denote the base change matrices described in the proof
of Proposition 2.3.7. Let F| = (PW)~1F;p(P;_1) be the matrix in (2.3.2), and explicitly, let

/ 16—
B va; buti
! chui d!

Define a left action of upper unipotent matrices on n-form Frobenius matrices in the following

1 y N va; ue_'“bi o v(a,--i—ycl-) ue_’fi(b,--i—ydi)
01 uvic; d; a uic; d; '

The following statements are true:

manner:

(1) Suppose (z;)icz does not contain the subsequence (p — 1,1, ...,1,0) (where the number of
1’s is allowed to be zero). Then there exists an upper unipotent U; for each i satisfying
Ui * F,' = Pi/'

(2) If (z;); contains the subsequence (p — 1,1, ...,1,0), then there exists a set of Frobenius ma-
trices {F;} such that, for some I, no unipotent matrix U satisfies U x F; = F|.

The proof will use the following lemma.

Lemma 2.4.9. Consider the setup of Proposition 2.4.8. Suppose that the base change matrices PU)

. €—Yjs.
iy ) ’
u Js] t]

For any o € R[[v], denote by T the constant part of . Then

are given by

1 0 (al- — %bl)v 0 .
A= e d ifG(F) = 1,2 =0,
a; — 4b)v 0 .
) FO(F) =T,z 0,
uvic; d;
Pi/ —
1 0 0 uti(p: — dig
Ad e (b 2 if G(F}) =11,z; = 0,
0 s wic; d;
0 ué=7i — @a
( Ci 1) zfg(Fl) _ II,ZI- 7& 0’
u')’icl. di

where Ad M (N) denotes the matrix MNM™1,
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Proof. Using the definition of the operator B in Definition 2.3.8 and our calculations in

p
v 0
(u%;_li 1)

Lemma 2.3.9, we have

and

0
v ) if G(F) =1, =0,

v 0 . B |
(u’)’z% 1) if g(Fl) - Iﬂlzl 7£ O/

0 ye =i
7 % if Q(Fl) = H,ZZ' = O,
" 1+%Sl—1
0 ye i
v d; if Q(F,-) =1I, Zj 7& 0.
(\" @

Recall that by Lemma 2.3.9, B(F;¢(P~1)) = B(F,)B(M;p(P~1)) and by the calcula-
tions in Lemma 2.3.12, B(M;¢@(P~1)) is Id mod u if G(F;) # Il or if G(F;) = Il but z; # 0.
By the algorithm in the proof of Proposition 2.3.7, we find that B(F;p(P~1)) = P A for
a suitable diagonal scalar matrix A() chosen such that the diagonal entries of P() are 1 mod
v or, in other words, such that P() is Id mod u. Therefore if G(F;) # Il or if G(F;) = Il but
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zi # 0, AV = B(F;) mod u. If G(F;) = Il and z; = 0, Lemma 2.3.12 gives us the following

equivalence mod u:

dj —
Cfiszfl

. 1—
AW = B(F) 14855

Ci

Ci

Letting D; = a;d; — bjc;,

Now we compute F/:

F = (PV)Fg(Pi"Y)

= ADB(Fp(PI1)) Fg(PU-D)
= AUB(Mig(PUY)) " Mip(PO1)

—D; i
Ci+disi71 0 0 ue 7
. . d;
0 citdsia) \W" Grass

0 1+ %57

citdisi—1 07
0 cit+disi1 | -

if G(F) =1,

0
if Q(Pi) =1I, Z;i = 0,
¢i+disiq

if Q(Pi) =1I, Zj 75 0.

ifg(Fi) = IU,Zi = 0,

ifg(Fi) = I;7,Zi 75 0,

if Q(P,-) = H,Zl' =0,

if G(F) =1Lz #0,
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1 0 a; — 4b)o 0
ag (b0 ) ([t if G(F) =17 =0,
0 C1+Cz'51—1 M%Ci di
a; — 4bj)o 0
(@i — 3:bi) if G(F) =1,,2 #0,
l/l%'Ci dl
1 0 0w 7i(b; — ﬁaz)
aaft 0 ) g =z =0,
0 C1+Clislfl uic; d;
0 e—%i _di
e~ (b; — Cla;) if G(F) = Iz #0.
u')’ici dl

0

Proof of Proposition 2.4.8. By Lemma 2.4.9, F/ can be obtained via left unipotent action when-
ever z; # 0. If z; = 0, then F/ can be obtained via left unipotent action if and only if s; = 0
mod v.

Now, suppose z; = 0 and s;_; # 0 mod v. Recall that P(=1) = B(F,_;(Pl~2))(Al-1)~1 =
B(Fi1)B(M;_19(PU=2))) (A1) 1,

By the explicit calculations in Lemma 2.4.9, B(F;_1) is upper triangular. Therefore, s; 1 #
0 if and only if B(M;_1¢(P~?))) is not upper triangular mod u°R[u]. By the calculations
in Lemma 2.3.12, this can happen only if one of the following two statements holds:

(1) zi—1 = 1and s;_, # 0 mod v. In this situation, s;_; is a multiple of s;_, mod v.
(2) zi.1 =p—1and ri_» # 0 mod v. In this situation, s;_; is a multiple of r;_, mod v.

Going backward, we conclude that z; = 0 and s;_; # 0 can happen only if z; is preceded
by a subsequence (z; x_1,zi g, - zi-1) = (p—1,1,...,1) with r;_y_2,5; _1,...,5i2 Z 0
mod v. In other words, if (z;); does not contain a contiguous subsequence of the form
(r—1,1,..,1,0), we can always obtain Fl-’ via a left unipotent action on F;.

On the other hand, if there exist k > 0 and i € Z such that (z;_y_1,2i_k, .- 2i_1,2i) =
(r—1,1,..,1,0), we may choose F’s so that Q(F]) = I, for all j. Choose F;__; so that
bi_x—» # 0and F,_;_; so that ¢;_;_; is a unit. By Lemma 2.3.12, B(M,__,¢(PU~*=3)))
must be lower triangular mod u°R[u]. Therefore, r;_y_5 is a unit multiple of b; _, mod
v. In turn, s;_j_1 is a unit times sz—k—l times 7;_x_» mod v. Inductively, we see that s;_; is
a unit times b; _;_, mod v, and therefore, non-zero mod v. Thus, no unipotent action can
give F/ from F;. O

Proposition 2.4.8 motivates the following definition.
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Definition 2.4.10. We say that a tame principal series F-type T faces the second obstruction if
(zi)icz contains a contiguous subsequence (p — 1,1, ...,1,0) of length > 2, with the number of 1’s
allowed to be zero.

Our next step is to analyze when left unipotent action of the type described in Proposition
2.4.8 can be functorially associated to inertial base change data. The eventual goal is to
quotient the data of Frobenius matrices by unipotent action, and encode that as a point of
the stack of Breuil-Kisin modules. In particular, the unipotent action will be encoded as
base change data.

For each i, let (e;, f;) be an inertial basis of ;. The #’-eigenspace of M; is a free module
over R[[v] with an ordered basis given by (u°~%ie;, f;). The 1'-eigenspace of ¢*M; is a free
module over R[v] with an ordered basis given by (u° "+l ® ¢;, 1 ® f;). Written with respect
to our choice of inertial bases, let the i-th Frobenius matrix be given as follows:

. e—Yiph.
E - a'l u¢=7ip; '
uvi Ci di

Let {P;}; be a set of inertial base change matrices, where

. ueflyir‘
o ( i 1).
u's; t;

The Frobenius map F;, when restricted to the #'-eigenspace part and written with respect
to the ordered 7’-eigenspace basis of ¢*M; 1 and 91; has the following matrix:

(2.4.2) G = (”f bl’).
oc; di

Base change of G; is given by:

—1—z;
(2.4.3) I G (Ad (vp 0 (1)> (@(L’-l))) ,

where the matrices J; are defined as follows:

[ 4 T
]l (USZ' tl').

Definition 2.4.11. When a choice of an inertial basis for each i is understood, (G;); and (J;); as
above will be called the Frobenius and base change matrices (respectively) for the 1'-eigenspace.

We say that the G;’s are in CDM form if the F;’s, which are the matrices for the unrestricted
Frobenius maps, are in CDM form (see Definition 2.3.5).

It is clear that knowing the data of Frobenius and base change on the 7’-eigenspace part
is equivalent to knowing it for the entire Breuil-Kisin module.
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Proposition 2.4.12. Fix an inertial basis (e;, f;) for each i. Suppose that each F; is of the form

va; u°ib;
uvic; d;

with a;, b;, ¢;,d; € R. For each i, denote by G; the Frobenius matrices for restriction to 1'-eigenspaces.
Therefore, G; = (Zﬂl di) Let U; = (1 yi > foreachi € Z/fZ.

Then, whenever T does not face the second obstruction (Definition 2.4.10), there exists a way to
functorially construct inertial-base-change matrices

. ue_’)/ir.
()
u's; t;

satisfying F; = P} (U;  F;) (P;_1) where U; x F; is as defined in Proposition 2.4.8. Equivalently,

_ oP~17%
G; = J7'U,G; (Ad ( 0 1) (?(]i—l)))

Proof. We will build Ji as a v-adic limit of a sequence | i(n). First, let | i(o) be the identity matrix
and define ] ) to be

1+1
" vpflfzzﬁrl 0
]i(+;r1) = Uit1Gip1 (Ad ( 0 1) (9"(]1( )))> Gz+11f

where ), = (17

where we are inverting G;;1 in GL(R((#))). Therefore,

n n oP~1-zim1 . . B
JEY =I5 = UiaGiga (Ad( . 1) (9" — 1>)>) GLY.

Let D; = a;d; — b;c;. Evidently, ]1( +)1

]-(2) _ I(l) _ vp_ziyi—l —aiCi — ]/iCZ-Z 0112 + Yiaic; .
! ! Di —Cl2 a;c;

For X € Mj,(R[v]), denote by val,(X) the highest power of v that divides X. Let a; =
val, (](2) —](1)) Thena; > p — z;.

ir+1. Further,

1+1 —Jia On]i(n)_]i(n_l)-

If o” divides ] ](” U then oP'~(P=1-211) divides Ad ( o1 Ei+ 0 ) (p(].(n) — ]l-(”_l)). Af-

Now we compute the dependence of the valuation of ] (n-1)

0 1 1
ter taking into account an extra factor of v coming from the determinant of G;;; which we

will need to divide by when inverting G; 1, we conclude that vP"~(P=Zi+1) = pP(r=D+zin

divides ]lﬁrl -] 1(1)1.

Therefore,

val, (12 = J2)) > pai = 1) + 2141,
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Valv(]i(i)l — ]i(i)l) > p*(ai1 — 1)+ (pzi +zit1) — p,
Valv(]i(i)l - ]i(i)l) > pP(aip — 1) + (PPzic1 + pzi +zit1) — (P2 + 1),

valo(J7) = 19 ) > p" (@i sy — 1) + zrﬂ e = 1) +zin

:pn—Z(P_l (n—3) +Zp] —(j-1) _1)+Zz+1-

We have the following scenarios:
e Suppose z;_(,_3) < p — 1. Letm := L”T_?’J Then

n-3
valy (]z(+)1 ]1(1;1)) >p" P+ Y P - D) +zin
1

n—3 ) m—1

>Y (p=2p + Y r*vin (using (1.4.1))
f=i P

> pm_l.

e Suppose z;_(,_3) = p — 1 and z; # 0 for each j. Then
valy (]z(+)1 z+1 ) > Z P (zi -1y = 1) + Zisa

> )y 7
j€[1,n—3] and
j—1=n—-3 mod f

Z pn—Z—f.

The second to last step uses p > 2.

e Suppose z;_(,_3) = p — 1 and there exists a k € [0,n — 3] such that z;__q) = 0.
Take k to be as large as possible. As {z;}; is f-periodic, k € [n —2 — f,n — 3]. Since
T does not face the second obstruction, there exists a largest possible I € (k,n — 3)
such that z;_(;_;) > 1. Then

l

, k
valy (]z+1 1+1 )) > ) Pziojy— 1)+ Z(Zi—(]’—l) —1)+zip
j=k+1 i=1
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k .
_Zp]

k
j:l
k
=p+) (p—2)p
j=1
>p
2 pn—Z—f.

The second to last step uses that p > 2.

The above calculations show that whenever T does not face the second obstruction,

( ]1.(1)1),1 is a Cauchy sequence for all i.

We set J; = limy—o0(] i(”))n, and construct the base change matrices P; using the data of
Ji. Since ]l.(l) € My(R[v]) and Valv(]i(") — ]l.(”_l)) > 0foreachiand n > 2, J; € Ma(R[v]).
The same considerations apply to the inverse of J;, showing that for each i, J; € GLy(R[v]).

Since v divides the upper and lower left entries of G;, it can be shown by direct computation
that the lower left entry of J; is 0 mod v. Therefore, P; € GL,(R[u]) for each i. O

Definition 2.4.13. Denote the inverses of |;'s constructed in Proposition 2.4.12 by | i_l = Fi(U)
to indicate the functorial dependence on the tuple of unipotent matrices U = (U;);. Then (F;(U));
capture the base change data to go from (G;); — (U;G;);.

3. A COMPONENT OF C™BT AS A QUOTIENT OF A SCHEME

At this point, via Proposition 2.3.7, we have an easy way of describing the Frobenius
maps for certain Breuil-Kisin modules by writing the matrices in CDM form (see Defini-
tion 2.3.5). We also have a complete description of base changes between such Frobenius
matrices in Proposition 2.4.1. Finally, in some cases, we have a way of obtaining Frobenius
matrices in CDM form through a particular group action (see Proposition 2.4.8). The goal
of this section is to use these results to write a certain irreducible component of C*BT (Def-
inition 2.2.3) as a quotient stack [X/G] for some scheme X and group scheme G acting on
X. We will use this presentation to compute global functions on the component.

In order to allow us to use Propositions 2.3.7, 2.4.1 and 2.4.8, we make the following
assumption for the entirety of this section.

Assumption 3.0.1. The tame principal series F-type T = n @ 1’ satisfies:

o £, and
e T does not face either the first obstruction (in the sense of Definition 2.4.7) or the second

obstruction (in the sense of Definition 2.4.10).
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3.1. A smooth map from a scheme to C. Let G = ((Gm){;r1 X UIJ; and X = (GLy)f X
(SLz){;l, where U = G, is the upper unipotent subgroup of GL,. Define a G-action on X
in the following way:

Let ()\, UrT1,12, s V-1, M0, oery mf_l) € Gand (AQ,..., Af—l) € X. Then

(311) ( yH 11,72, T’f 1, My, .. mf,l) . (AO/---/Affl) =

3
A
o ><j;1> w3260
-

A1 10 10 A0
fO ! -1 mf—lAf—l f-2 .
0 ) 0 rr2) \0 p

Definition 3.1.1. Define a functor T : X — CT by sending

a bo) (a1 b)) C oy
Co d() ’ ’ Cf—l df—l

to the Breuil-Kisin module 9t € CT(R) constructed as follows:

(1) 9M; = Rfulle; ® R[u] f:.
(2) With respect to the basis {e;, f;}, the action of ¢ € Gal(K'/K) is given by the diagonal

matrix ('ﬂog) ”,(()g) )

(3) With respect to the basis {u*~" @ e;_1,1® fi_1} (resp. {u®7ie;, f;}) of the n’-eigenspace
of p*M;_1 (resp. M;), the matrix of the restriction of the i-th Frobenius map ¢*IM;_1 — M;
to the n'-eigenspace is (f}‘;l Zi )

Consider the pullback of 7 by the closed embedding C*8T < CT. The pullback is a
closed subscheme of X that contains all the closed points of X by Lemma 2.3.2. Since X is
reduced, the pullback must be all of X and 7 must map X into C*BT. Choose an irreducible
component X (t) C C™BT containing the image of 7. Such an irreducible component must
exist because X is irreducible, although a priori, it is not unique (we will see later in Propo-
sition 3.1.4 that in fact it is unique). Henceforth, we will see 7 as a functor from X to X' (7).

Definition 3.1.2. Suppose T satisfies Assumption 3.0.1. We define a functor F : G x X —
X X y(r) X in the following way:
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Let g = (A, p, 11,y Tf—1, M0, ..., ms_1) € G(R) and x € X(R). Then F((g,x)) is the triple
(x, ¢+ x, {]i};) where (x, g-x) € X(R) x X(R) and {];}; are base change matrices for 1'-
eigenspaces (in the sense of Definition 2.4.11) that encode transformation of the Frobenius matrices
of T (x) to those of T (g - x). They are given by:

Fil(my);) g 0) fori =0,
(3.1.2) Ji = _1”0 -
.
Fi((m;);) ZO r-) (O y) forie{1,...,f—1}

Here, F;i((m;);) are described in Definition 2.4.13.

Definition 3.1.3. Suppose T satisfies Assumption 3.0.1. We let T : [X/G] — X (T) be the functor
induced by F.

Proposition 3.1.4. The functor T is an isomorphism.

The proof of Proposition 3.1.4 will be given in several steps outlined below.

Lemma 3.1.5. The functor F in Definition 3.1.2 is surjective on points valued in Artinian local
F-algebras and a monomorphism.

Proof. Let R be an Artinian local F-algebra. Let (x,y, {Ji};) € (X X¢r X)(R) where (x,y) €
X(R) x X(R) and {];}; are the base change matrices for #’-eigenspaces to transform 7 (x)
to T (y).

Let (Ai)f:ol be the Frobenius matrices for the 7’-eigenspace for 7 (x). Because T does not
face the first obstruction, 7 (x) is not of bad genre and with respect to a suitable choice of
inertial bases, the Frobenius matrices of 7 (x) will be in CDM form (see Proposition 2.3.7
and Definition 2.4.11). Because T also does not face the second obstruction, using Proposi-
tion 2.4.8 we can uniquely determine (1, ...,77_1) € GL! (R) and (my, ..., ms_q) € U/ (R)
so that the tuple (A;)if:_ol defined below is in CDM form:

( 1 0
7
m;A; i1 ifi =0,
0 ri—1

r; O rit 0 o
' 1 miAi(’l ) ific{2,...,f—1}.
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Similarly, let (Bi){:_ol be the Frobenius matrices for the 77'-eigenspace corresponding to the
data of 7 (y). We can uniquely determine (s,...,57_1) € G{;_I(R) and (ng,...,nf_1) €
U/~1(R) so that the tuple (B! ){:_01 defined below is in CDM form:

( -1
S 0
niB; [ ! ifi =0,
0 siq
;0
B =" n.B; ifi=1,
i -1
0 s,
s; 0 si—_l1 0 .
n;B; 1fl€{2,...,f—1}.

| 0 Si_l 0 Si—1

Since (A}); and (B!); are base changes of (A;); and (B;); respectively, there exist base
change matrices (P;); that allow us to transform (A?); to (B;);. By Proposition 2.4.1, there

exist A, u € G, (R) so that Py = (6‘2) and fori € {1,...,f—1}, P = (6‘2) (IS k91>,
where k; = uA~Lif [{j € [1,1] | Q(A;.) = II}| is odd, and 1 otherwise.
We now use (7;);, (s;);, (m;);, (n;); and (P;); to write (B;); in terms of (A;);.

(A0 r 0 A0
n; 1 miA,-
Ok O ) A9 # fori =0
kiii O siit 0 ,
0k 0 s

~

fori=1,

' . ’ fori e {
ml-Al- T4 0 A0 ki—l E)l Si—1 E)l
\ 0 r_4 0 u 0 k4 0 s

2., f—

1.
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Simplifying,

(
A0 qkiqrt 0 A0
9 oy Si—1Ki—17; 4 o fori =0,
0 m 0 S;_qkiqric 0w
A0 s; ikt 0 3 A0 ,
1 1 miAi fori = 1,
B _ 0 pu 0 sikit; 0 u
;=
A0 s;ik 0 }
-1 |
0 2 0 Sikﬂ’i

forie{2,...,f—1}.
sicikiar 0 A O
k 0 sihkria) \0 m

where 171; are suitably chosen unipotent matrices.

This implies the existence of a ¢ € G such thaty = g - x. By (3.1.2), F((g, x)) contains the
data of some base change matrices to go from {A;} to {B;} . These can only differ by a fixed
scalar multiple from the original base change matrices {];}; (by Corollary 2.4.5). Scaling A
and yu by this fixed multiple gives us a ¢’ such that F((¢/,x)) = (x,y,{Ji};). This shows
surjectivity on Artinian local points.

Now suppose that R is any F-algebra. Let (g, x), (¢/, ") € (G x X)(R) such that F((g,x)) =
F((¢',x")) = (x,y,{]i}i)- Thenx = x'andy = g-x = ¢’ - x. Let (Ai){:_ol be the Frobenius

matrices for n’-eigenspaces in the data of 7 (x) (described in Definition 3.1.1) and (B; f;1
Ui g P i=0

be the corresponding matrices for 7 (v). Let
g= (A u,r,12 . rf_1,Mmo, ...,mf_l),
¢ =\ ul, 1, r}fl,m(),..., m}fl).

By (3.1.2),

Jo = Fo((m));) (g 2) = Fo((m});) <N O/) :

All inertial base change matrices for 7’-eigenspaces, including F;((;);), are upper unipo-
tent mod v. Reducing mod v, we get A = A" and pu = p/'.

Forie {1,...,f —1},

rit e
= (3 0) (3 2) = (4 2) (3 3)
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Again reducing mod v, we get (74, ..., rf_l) = (1], .., r}_l). Finally we use (3.1.1) to write
B; in terms of A; and g, and compare it to B; written in terms of A; and ¢’. It is immediate
that for each i, m; = m). O

Lemma 3.1.6. The functor F is an isomorphism.

Proof. We note that the diagonal of F is an isomorphism because F is a monomorphism
(by Lemma 3.1.5). This implies via [Stal8, Tag OAH]] that F is representable by algebraic
spaces.

To show F is an isomorphism, we will show that F is étale since it is already known
to be a surjective monomorphism and étale monomorphisms are open immersions. The
property of being étale is étale-smooth local on the source-and-target by [Stal8, Tag 0CG3].
Therefore, it suffices by [Stal8, Tag 0CIF] to show the top arrow in the following diagram
is étale, where T is a smooth cover of X X y(;) Xand f: W = T X (X% (2 X) (G xF X) is an
étale cover.

f
W —— T X(xx yyx) (GXFX) ——— T

| l

GxpX ———— X Xy X

The functor F is unramified because it is locally of finite presentation with its diagonal an
isomorphism. The only thing remaining to check then is that the map W LT (X (5 X)
(G xf X) My Tis formally smooth. By [Stal8, Tag 02HX], we may test formal smoothness
of this map using Artinian local rings. As W L% (XX 20y X) (G xF X) is already known to
be formally smooth, we need only check the lifting property for T’ x x,,, (0 X) (G xp X) ,
T. This is equivalent to checking the following:

Suppose R and S are Artinian local [F-algebras with j : Spec S — Spec R a closed scheme
and j* : R — S a surjection of local rings with the kernel squaring to zero. Then the dashed
arrow exists in the following diagram

Spec S % Spec R

-
-
-
-
-
P
-
-
L

GxpX — X Xy X

Since F induces a bijection for points valued in Artinian local rings (by Lemma 3.1.5), the
existence of a unique dashed arrow is guaranteed. O

Let I/ be a field with x an [-point of X, such that 9t = 7 (x) is a Breuil-Kisin module
over [. Then there exists amap G xp! — | X y () X = m X x(r) X. By Lemma 3.1.5, this
map is surjective on field-valued points and the fiber of G X! — [ X y(;) X over any field-
valued point contains exactly one point, and is therefore of dimension 0. By [Stal8, Tag
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0DS6], dimension of I X y(¢) X = M X x(r) X = dim(G xg!) = dim G. Since the fiber over
9 in X is of the same dimension as G, the fiber over 1 in [X/G] has dimension 0.

Applying [Sta18, Tag 0DS6] again to the map 7 and using the above calculations of fiber
dimension over 9 € X' (7)(), we obtain that the dimension of the scheme-theoretic image
of T is the same as the dimension of [X/G] which is f.

Lemma 3.1.7. Suppose T satisfies Assumption 3.0.1.

(1) Let R be an arbitrary F-algebra and M € X (7)(R). Fix an inertial basis for each IN; .
Let F; denote the matrix for the Frobenius map ¢*(9;_1) — 9N; with respect to the chosen
bases. Then, for each i, the top left entry of F; is 0 mod v.

(2) The map T is a surjection onto X (7).

Proof. Consider the substack £ of X (7) defined in the following way: If R is any [F-algebra,
then L(R) C X(7)(R) is the subgroupoid of those Breuil-Kisin modules for which the
upper left entry of the Frobenius matrices is 0 mod v when the Frobenius matrices are
written with respect to any inertial bases. A direct computation shows that this property
is invariant under inertial base change. We claim, first of all, that £ is a closed substack of
X (7).

We can check it is representable by algebraic spaces and a closed immersion after pulling
back to an affine scheme and working fpgc-locally (by [Stal8, Tag 0420]). Let R be an IF-
algebra and 9 an R point of X' (7). Fori € Z/fZ, choose an inertial basis {e;, f;} of M;,
and write Frobenius matrices F; of 9 with respect to these bases. Suppose that for each
i, the upper left entry of F; equals a; mod v, where 4; € R. For every R-algebra S, the
Frobenius matrices of M with respect to these bases are given by {F; ® S};. Then Mg is a
point of £ if and only if a; = 0 in S for each i. Therefore the pullback of £ — X (7) by the
map M Spec R — X (7) is given by the closed immersion V (ay, ..., af_l) — Spec R.

Secondly, we note that 7 factorsas 7 : X - L — X(7), and that X'(7) is reduced by
construction in [CEGS19, Cor. 4.8.1]. Therefore, by dimension considerations, X'(7) is the
scheme-theoretic image of 7. However, the scheme-theoretic image of 7 must be contained
in £, the latter being a closed substack. Therefore, £ = X (7). Both assertions of the lemma
follow immediately. O

Remark 3.1.8. In the proof of surjectivity above, the fact that the dimension of X (7) is f depends
on the fact that K is an unramified extension of Q, (see [CEGS19, Prop. 3.10.20]).

Lemma 3.1.9. Suppose T satisfies Assumption 3.0.1. The map T : [X/G] — X(7) is an étale
monomorphism, representable by an algebraic space.

Proof. To see that 7 is a monomorphism and representable by an algebraic space, we show
that the diagonal is an isomorphism. This is implied by the fact that the top arrow in the


https://stacks.math.columbia.edu/tag/0DS6
https://stacks.math.columbia.edu/tag/0DS6
https://stacks.math.columbia.edu/tag/0DS6
https://stacks.math.columbia.edu/tag/0420

COMPONENTS OF THE EMERTON-GEE STACK 37
following cartesian diagram is an isomorphism (by Lemma 3.1.6) and [Stal8, Tag 04XD].

pry,action
GXIFX EE— XXX(T)X

| !

(X/G] —5— [X/G] X x(r) [X/G]

Since the diagonal is an isomorphism, we also have that 7 is unramified. Therefore, to
show étaleness, it suffices to show that 7 is formally smooth [Sta18, Tag 0DP0]. As we
did in Lemma 3.1.6, we may check formal smoothness using Artinian local rings, and in
fact, show formal smoothness of 7 since any affine point of [X/G]| can be written as a
composition of an affine point of X with the quotient map X — [X/G]. It suffices then to
show the following;:

Suppose R and S are Artinian local F-algebras with j : Spec S — Spec R a closed scheme
and j* : R — S a surjection of local rings with the kernel I squaring to zero. Then the
dashed arrow in the following diagram exists so that all triangles commute:

Spec S % Spec R

al 7 lb

XLX(T}

In order to construct such an arrow, we first claim that there exists some ¢ € X(R) such
that 7 (c) = b. To see this, note that the determinant of each of the Frobenius matrices
of b is divisible by v (by Lemma 3.1.7(1)). Further, modulo the maximal ideal of R, the u-
adic valuation of the determinant of each Frobenius map is e (by Lemma 2.3.2). Therefore,
the same holds true over R, and consequently b is of Hodge type vy (see Definition 2.3.1).
Moreover, again by Lemma 3.1.7(1), each Frobenius matrix is in #-form (see Definition
2.3.3). By Proposition 2.3.7, we can find a CDM form for b giving us a suitable point ¢ €
X(T)(R).

Since T (a) = boj = T (coj), there exists some g € G(S), such that g (coj) = a (by
Lemma 3.1.5). Lift g to any § € G(R). Then § - ¢ is the appropriate choice for the dashed
arrow in the diagram above. O

Proof of Proposition 3.1.4. Follows from Lemmas 3.1.7 and 3.1.9. O
Proposition 3.1.10. Suppose T satisfies Assumption 3.0.1. The ring of global functions on X (T)

is isomorphic to F[x, y] [%]

Proof. By Proposition 3.1.4 the global functions of X'(7) are the G-invariant global functions
of X, where G = (Gm){;rl X U]Jl: and X = (GLy)F XF (SLz)g1 and the G-action on X is
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as in (3.1.1). These functions are the same as the (Gm){fl—invariant global functions of
(U\ GLy)p xF (U\ SLg){;l. By the isomorphisms

U\GL, = A2~ {0} x G,

(j Z) s ((c,d), ad — be)
and

U\SL, = A%~ {0},

(Z Z) o (.d),

the ring of global functions of (U\ GLy)r xF (U\ SLz){;;l is isomorphic to

1

D

where {c;,d;} capture the lower two entries of the i-th matrix group while D captures the
determinant of the GL; matrices. Under this identification, (A, j, 71,12, ..., 1 f—1) € (Gm){;rl
acts on the global functions of (U\ GLy)r X (U\ SLz){[:_l via:

]F[Co, cey Cf—l/ dQ, ceey df—lr D] [

(A1l ifi =0,

§:C = /\y_lrl._lci ifi=1,

A e ifie {2, 1),

(1, 1d. ifi =0,
g-di=qrd ifi=1,

\ri_lri_ldi ifi € {2,. o f = 1},
g-D=D.

_ 1
Therefore, the subring of (Gm){; "invariant functions is Fldg---ds_1,D][=] = Flx, ][

D I

O

<

3.2. Identifying the component. Our next order of business is to identify precisely which
irreducible component of C7BT can be written as the quotient stack [X/G] using the strat-
egy employed in Section 3.1. [CEGS19, Cor. 4.8.1] shows that the irreducible components
of C"BT are in one-to-one correspondence with subsets of Z/ fZ called shapes. We now
recall the definition of the shape of a Breuil-Kisin module and some of the specifics of the
correspondence between irreducible components and shapes as it applies to our situation.
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Definition 3.2.1. Let B € CYBY(FF) be an extension of 9 by N, where I and N are two rank 1
Breuil-Kisin modules. For each i, let m; be a generator of 9; as an T [u]] module.

The shape of B is the set | := {i € Z/fZ | Vg € Gal(K'/K), gm; = n(g)m; mod u}.
Suppose the image of m;_1 under Frobenius is a;u"im;, where a; € F[[u]*. Then the refined shape
of B is the pair (], r) where | is the shape of B and r = (1:)icz/ fz-

Definition 3.2.2. Let r = (7;)icz, sz be as follows:

e ifi—1licJorifi—1,i¢],
(3.2.1) ri =<7 ifi—1e€Jandi & ],
e—vy; ifi—1¢Jandic€].

Then the refined shape (], r) is the maximal refined shape associated to ].

By [CEGS19, Lem. 4.5.13], the irreducible component C*PI(]) is the closure of a con-
structible set whose F points are precisely the Breuil-Kisin modules of maximal refined
shape associated to J.

Lemma 3.2.3. Let T = 1 @ 1’ be a tame principal series F-type with n # n'. Let ] C Z/fZ.
Then C™BY(])(FF) contains a dense open subset of Breuil-Kisin modules B satisfying G(%B;) = 1,
foreachiifandonly if | = Z/ fZ.

Proof. Let B be an FF point of maximal refined shape associated to J. Let B be an extension
of 9 by N where M and 91 are two rank 1 Breuil-Kisin modules. For each i, choose a
generator m; of M; and n; of I; as F[[u]-modules. Let the image under Frobenius of m;_; be
a;u"im; and that of n;_; be agu’fni for some a;,a; € F[u]*. The strong determinant condition
forces that r; + s} = e for each i by Lemma 2.3.2. By making careful choices of m; and
n; (using either [CEGS19, Lem. 4.4.1] or the proof of Lemma 2.1.3), we can construct an
inertial basis of B; made up of m; and a lift 7i; of n;. Now we use the explicit description
of r; in (3.2.1) to check the genre of the Frobenius maps for ‘B for different J’s. We have the
following possibilities:

(1) If ] = Z/fZ, then Gal(K'/K) acts on m; via 1 (and therefore on n; via #’) for each
i € Z/fZ.Sincer; = e, the genre of B; is I;, for each i.

(2) If ] is the empty set, Gal(K'/K) acts on n; via 7 for each i € Z/fZ. As r. = 0, the
genre of %B; is I, for each i.

(3) If | is neither Z/ fZ nor empty, then there exists ani € Z/fZ such thati € |, but
i+1 ¢ J. This implies that r; 11 = y; ;g and 7} ; =

matrix for ¢p*B; — B, 1 with respect to inertial bases (m;, 71;) of B; and (7i; 1, m;11)

e — vi+1. Consider the Frobenius

of B, 1. The matrix has a zero in the lower right corner, and therefore is of genre Ly
or of genre II. Either way, G(B;11) # ;.

O
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Corollary 3.2.4. Recall T from Definition 3.1.3. The scheme-theoretic image of T is C*BY(Z./ fZ).

Proof. Since T : [X/G] — X(7) is an isomorphism (by Proposition 3.1.4), there exists a
dense open set of X (7) having the following property: If B is an FF point of this dense
open, then the lower right entry of each of its Frobenius matrices (with respect to inertial
bases) is invertible. In other words, each Frobenius map has genre I,,. By Lemma 3.2.3,

X (t) mustbe C*BY(Z/ 7). O

Corollary 3.2.5. Let T be a tame principal series F-type satisfying Assumption 3.0.1. Then the
ring of global functions on C™B1(Z./ fZ) is isomorphic to F[x, y] []1/]

Proof. It follows from Proposition 3.1.10 and Corollary 3.2.4. O

4. PASSAGE TO THE EMERTON-GEE STACK

4.1. Image of irreducible components of C"®T in Z. Given a tame principal series [F-
type 7, Z7 is the scheme-theoretic image of C*PT in Z (Definition 2.2.4). By [CEGS19,
Prop. 3.10.19], Z7 is of pure dimension [K : Qp]. [CEGS19, Cor. 4.8.3] tells us that the ir-
reducible components of Z* are indexed by shapes | € P, where P; is defined in the
following way.

Definition 4.1.1. For a tame principal series F-type T = n & n’, let Py be the collection of shapes
] C Z/fZ such that

eifi—l¢c]Jandi & ] thenz; #p—1;
o ifi—1¢ Jandi€ |, then z; # 0.
(Recall z; from (1.4.1)).

We denote by Z7(]) the irreducible component of Z* indexed by J. [CEGS19, Prop. 4.6.13]
shows that Z7(]) is the scheme-theoretic image of C™BT(]). The irreducible components of
Z are indexed by Serre weights, and for each ¢ a Serre weight, Z () can show up in Z7
for multiple choices of T. Thus we need to specify a dictionary to go from | € P; to a Serre

weight 0.
For | € Pz, let §; denote the characteristic function of the set J. Define the integers b; and
a; by
411) a = zi+ (i) ifi—1le€ I y_ Jp-1-z—dp() ifi-1e]
ifi—1¢] z; — 0(i) ifi—1¢]

Viewing 7" as a map k* — F via Artin reciprocity, let oy be the Serre weight o ; @ 1’ o det.
Then by [CEGS19, Thm. 4.6.17, Appendix B], Z7(]) is the irreducible component indexed
by the Serre weight o7.
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Proposition 4.1.2. Set | = Z/ fZ. Let o be a Serre weight that is not a twist of either the trivial
or the Steinberg representation. That is, 0 = 07 where b & {(0,..,0),(p—1,..,.p—1)}.

Then we can find a unique principal series F-type T = 1 @ i’ such that n # ' and o = o7.

Proof. Letz; = p —1 — b;. Define i and 7’ via

f-1 -1
7'(g) = Q(Ki o h(g)"™*) n(8):==1'(g) ‘_O(Ki o h(g)%)-

Let T := y @& y'. Clearly, 0 = <®{:_01(detzi Sym? k?) R x; IF) ® ' odet = o7 for inertial
F-type T as desired. Any 7 so chosen is unique by (4.1.1); b tells us exactly what the {z;};

should be. Note that 7 = %’ if and only if all the z;’s are 0 or if all the z;’s are p — 1. Both of
these situations are ruled out by the hypotheses in the statement of the Proposition. O

Corollary 4.1.3. Let S be the set of non-Steinberg Serre weights o such that Z (o) is the image of
CYBY(Z/ fZ) for some T = 1y @ n' satisfying Assumption 3.0.1. Then 0. € Sif and only if each
of the following conditions are satisfied:

1) b # (0,0,...,0),

Qb#(p—2p—-2,...,p—2),and

(3) Extend the indices of b;’s to all of Z by setting b;, y = b;. Then (b;)iez does not contain a
contiguous subsequence of the form (0,p —2,...,p —2, p — 1), where the number of p — 2’s
in between 0 and p — 1 can be anything in Z>.

Proof. Proposition 4.1.2 accounts for the first condition. By (4.1.1), requiring T to not face
the first obstruction is equivalent to requiring (b;);cz to not be made up entirely of con-
catenations of just two building blocks: p — 2 and (p — 1,0). Similarly, requiring T to not
face the second obstruction is equivalent to requiring (b;);cz to not contain a contiguous
subsequence of the form (0,p —2,...,p—2,p — 1) of length > 2. If (b;);c7 is entirely made
up of and contains both p —2 and (p — 1,0), then it automatically contains a contiguous
subsequence of the form (0,p —2,...,p —2,p — 1). Therefore, removing the redundant
condition, we get the list of the conditions in the statement of the Corollary. O

4.2. Presentations of components of Z. We will now show that if Z (o) is as in the state-
ment of Corollary 4.1.3, then it is isomorphic to C*"PT(Z/fZ). A key ingredient in our
proof will be the following proposition.

Proposition 4.2.1. Fix T = n @ 1’ a tame principal series F-type with n # n’ such that T does
not face either the first or the second obstruction. Let ¢ = 0z,57. Themap q : [X/G] = X (1) =
C™"B(Z/fZ) — Z(v) induced from Definition 2.2.4 is a monomorphism.

The proof of this Proposition depends on the following Lemma.
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Lemma 4.2.2. Let R be an arbitrary F-algebra. Let 9, N € CTPT(R) such that with respect to
some fixed inertial bases, the i-th Frobenius maps of 9 and N are in n-form. Upon restriction to the
n'-eigenspace, suppose they are represented by

o b b
(4.2.1) F = (alv bl) and G; = (uzv Z§> ,  respectively,
v 4

civ d; c;

where a;,a},b;,b.,c;,cl,d;,d; € R and a;d; — bic; and a'd} — blc! are units in R. Lastly, suppose
that 9 and N are isomorphic as étale p-modules, so that by (2.4.3), there exist By, ..., B 1 €
GLy(R((u))) such that

(4.2.2) Gi =B 'F, (Ad (Up_ol_zi g) (q)(BZ-_l))> .

Then the following are true:

(1) det(B;) € R[v]* and vB; € My(R[v]).
(2) If T does not face the first obstruction, then B; € GLy(R[v]).

We observe that in the statement of Lemma 4.2.2, B; € GL,(R((v))) by Lemma 2.1.5 and
Definition 2.4.11.

Proof. (1) From (4.2.2), we see that
det(B;) det(G;) = det(F;)¢(det(B;_1)).
Since val,(det(F;)) = val,(det(G;)) = 1, we have
valy(det(B;)) = valy(¢(det(B;_1)) = pval,(det(B;_1)).
Iterating this equation gives us
val,(det(B;)) = pval,(det(B;_1)) = p*valy(det(B;_»)) = - - - = p/val,(det(B;)),

which shows val,(det(B;)) = 0. We now choose k; € Z~( minimal such that

(1) () N
B v kB — o b (?ﬂ z%,.)) , where s s 50 00 ¢ R[],
3 4
Then from (4.2.2), we have

-1 _ki—pkiq+1 pp~1-zi 0 p—PH1tz 0

— Uki_Pki_l-l-l ( q)(sgil)zil) vp—l—zi(gio(f)gil))> |
o E (s ) ey )



()

(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)
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Since det(F;) € vR[v]*, we know vF; ' € M,(R[[v]). Since k;_; is chosen to be

minimal, we must have Valv(QD(S,(qi 1))) = 0 for some m; € {1,2,3,4}. We have:

i

m; € {1,4} = 0<k;—pki1+1 = k; > pki_1 -1,
m; =2 :Oéki—pki_l-f-l-f']?—l—zi :kizpki_l—l—(p—l—zi),
m; =3 —=0<ki—pki1+1—p+z;+1 =ki>pki1—-1+(p—z—1).

In other words, k; > pk;_1 — 1 — €; where
0 if m; € {1,4}
€ =4yp—1—-z ifm =2
—(p—1—2z) ifm=3
Iterating, we get
ki plki—(p 7+ ) - (P e+ p e i)
= (P -V <+ )+ (e p e e p)
Since (p/ ~'e;+ p/~%€j_1 + ...+ €;_f41) isbounded above by (p —1)(p/ 1+ p/ 2 +
.. +1) = pf —1, we must have k; € {0,1}, showing that B; € vM,(R[v]).

Evidently, k; = 1 implies that (p/ le; + p/2¢; 1+ .. +ei_p1) = (p—2)(p/ ' +

pf=2 + .. +1). This further implies that ¢; > p — 2, or equivalently, z; € {0,1} and

v divides sgifl), sgfl), and sl(f*l).

From the entries of the matrices in (4.2.2), we get the following equalities:
aig(s sy +o P big(s§)s)

kitpkiagldet(B;) =
v a;det(B; . , . 7
—cip(s sl — o PR (s )5

o Faigp(sy sy + (s sy

kitpkioip!det(B;) =
v et(B; , _ . o
l —vpfziciq)(sg_l))sg) — dl-qo(sil_l))sg)

—aip(si)sY) — o p(sY )Y

okitPkicicldet(B;) = , . , .
| Feigls™)sy) + o P Fdig(sy sl

o ia,(s D)) — io(stD)sl)
ofitPRisidldet(B;) = 4 2 . ! ’ 7 § ) ) .
+v”_zicigo(s§lf ))ng) +di(p(sz(f* ))ng)

We claim that if there exists a j with k;_; = 0, then k; equals 0 as well. We show

this by contradiction, assuming that k; = 1.
Leti = jin (4.2.4). If b; # 0, the v-adic valuation of the LHS in (4.2.4) is 1, while

that of the RHS is > p — z; (since sflj Y is divisible by v). This gives a contradiction,
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forcing b} = 0. Since ajd; — bic; € R*, d; # 0 . Comparing v-adic valuations of LHS
and RHS in (4.2.6) gives a contradiction.

Therefore, if there exists j € Z/fZ such thatk; = 0, thenk; =0 foralli € Z/fZ.
Now we show that there must exist a j such that k; = 0. Suppose there doesn’t and

each k; = 1. Therefore, each z; € {0,1} and v divides each ng’)’ séi) and sg), but

does not divide sg) . Moreover, because v does not divide det(B;), v> must divide

s:(f). Since T does not face the first obstruction, there exists some [ such that z; = 0.
Taking i = I, consider the equations sgl)(4.2.3) -|—s§l)(4.2.5) and sgl)(4.2.4) -|—s§l)(4.2.6).

Dividing both the equations by det(B;") = v*det(B;), we obtain:

(#27) o' s 4 sg)ep) =mp(s{ ) + o Pbig(sy V),
(4.2.8) o' (sp 4 s dp) = oPap(sd V) + bro(sy ).

For each of the above equations, the RHS is divisible by v”. Therefore, the same is
true for LHS. Since v does not divide sél), c; and d; must be 0, contradicting the fact
that a;d; — bjc; is a unit in R. This implies that either k; or k;; is 0. Therefore, all k;
equal 0, and hence, B; € M(R[v]) for all i.

Similar considerations applied to {B; '}, show that each B; is in GLy(R[v]).

0

Proof of Proposition 4.2.1. Let R be an arbitrary [F-algebra, and let M, 91 € X'(7)(R) = [X/G](R)
be two Breuil-Kisin modules that become isomorphic after inverting u. By Proposition
3.1.4, the Frobenius matrices of 2t and 91 can be written in the form described in the state-
ment of Lemma 4.2.2 (after passing to an affine cover of Spec R if necessary). Denoting the
Frobenius matrices of M by {F; }; and those of 9 by {G;};, the isomorphism between g(901)
and g(91) is described by invertible matrices {B;}; satisfying (4.2.2). Lemma 4.2.2 shows
each B; € GLy(R[v]); we further claim that each B; is upper triangular mod v. If this is
true, then by comparison with the form of inertial base change matrices for 7’-eigenspace,
the set {B;}; gives an isomorphism between Mt and M. Therefore, X X y(r) X — X xz X
is an isomorphism. Using 3.1.6, the diagonal of g is an isomorphism (the argument for
this is the same as in the first paragraph of the proof of Lemma 3.1.9). Therefore, g is a
monomorphism.

To justify the claim, we continue using the notation of the proof of Lemma 4.2.2. Since
each k; is 0, we obtain the following equation upon dividing ng) (4.2.3) —i—sg) (4.2.5) by det(B;).
(4.2.9) sgi)ag +sc = aigo(sgi_l)) + v*p”ibiq)(sg—l))

Since the LHS is integral, the same must be true for RHS. Therefore if s:(;_l) is not divisible
by v, we must have b; = 0. Plugging b; = 0 into (4.2.3) and (4.2.5), we must have either

(i) — @)

di=0o0rs;’ =s,” =0 mod v. The former is impossible since a;d; — b;c; is nonzero, while
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the latter is impossible because B; is invertible. Consequently, each séi_l) is divisible by v

and the claim rests. 0

Corollary 4.2.3. Fix T = y @ n’ a tame principal series F-type with 1 # 1’ such that T does
not face either the first or the second obstruction. Let 0 = 0z/rz. The map q : [X/G] =
C*®N(Z/fZ) — Z(0) is an isomorphism.

Proof. The map q is proper by [CEGS19, Thm. 3.9.2] and a monomorphism by Proposition
4.2.1. Since g is scheme-theoretically dominant and proper monomorphisms are the same
as closed immersions (by [Stal8, Tag 0418, Tag 04X V]), g must be an isomorphism. O

5. CONCLUSION

Theorem 5.0.1. Let p > 2. Let K be an unramified extension of Q, of degree f with residue field k.
Let Z(0) be the irreducible component of Z indexed by a non-Steinberg Serre weight o = 0.3 =

®{:_01 (det® Sym" k2) @ . F satisfying the following properties:

(1) b # (0,0,...,0),

@Fb#(p-2p-2...,p-2)

(3) Extend the indices of b;’s to all of Z by setting b;, ¢ = b;. Then (b;)iez does not contain a
contiguous subsequence of the form (0,p —2,...,p —2,p — 1) of length > 2.

Then Z(c) is smooth and isomorphic to a quotient of GL; x SLJZLl by G{;H X Gé,[ . The ring of
global functions of Z(0) is isomorphic to F|x, y| [}1/]

Proof. Follows directly from Corollaries 3.2.5, 4.1.3 and 4.2.3. O

Remark 5.0.2. In fact, when f > 2 and p > 3, we can allow b= (0,0,...,0) (see discussion in
Section A.4).

APPENDIX A. ALLOWING 7/'-FORMS

The objective of this Appendix is to show that allowing some of the Frobenius matrices
to be in #’-form does not allow us to obtain information on more irreducible components,
with the exception of the component indexed by the trivial Serre weight. Before we embark
on a proof, we first survey the overall strategy employed in the main body of the paper,
and analyze how it might be affected by allowing some Frobenius matrices to be in 7’-form.

A key ingredient in the proof of our main theorem is constructing the functor 7 : [X/G] —
X (7) (see Definition 3.1.3), where X = GL; x SLJZC land G = G{,fl x Uf, and then show-
ing that it is an isomorphism (see Proposition 3.1.4). The proof of the isomorphism relies,
among other things, on the following;:

(1) Let 91 be a regular Breuil-Kisin module and let {F;}; be the set of its Frobenius
matrices with respect to some choice of inertial bases. Suppose that each F; is in


https://stacks.math.columbia.edu/tag/0418
https://stacks.math.columbia.edu/tag/04XV
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#-form. Then, upon imposing some conditions on (z;);, we can guarantee that 9t is
not of bad genre and therefore the algorithm in Proposition 2.3.7 converges to give
Frobenius matrices in CDM form. The minimal set of values of (z;); we need to
exclude constitutes the definition of the first obstruction.

(2) For <Mt as above, we also need to obtain the CDM form of Frobenius matrices through
an action of G. The conditions on (z;); that prohibit this constitute the definition of
the second obstruction.

After showing that 7 : [X/G] — X () is an isomorphism, our next step is to identify the
irreducible component X (t) C C™BT by its shape index. We identify this shape index to
be Z/ fZ by observing that C*PT(Z/ fZ) is the only irreducible component containing a
dense set of points with each Frobenius map of genre I, (see Lemma 3.2.3). Using (4.1.1), we
finally compute the Serre weight index of Z7(Z/ fZ) which is the image of C*81(Z/ fZ)
in Z.

If we allow 7’-forms, we will need to change the definitions of first and second obstruc-
tions since they are presently tailored to work in the situation where each Frobenius matrix
is in 7-form. Furthermore, the definition of 7 (and therefore of 7) will have to be modified
to allow for the image to have some Frobenius maps in 7’-form. The image of 7 will no
longer be C™"B1(Z/ fZ). We will need to compute the correct shape index as a function
of the indices i € Z/ fZ for which we are allowing #’-form Frobenius matrices, and then
compute the Serre weight index using the correct shape index.

Instead of directly replicating the structure of our proofs in the main body of the text, we
will now evaluate the effect of allowing #’-form Frobenius matrices in a slightly non-linear
fashion. We will first compute the shape ] needed such that C*BT(]) contains a dense set of
points with some Frobenius maps of genre I, and others of genre I,; as well as investigate
the relationship of | to Serre weights. Next, we will compute the altered conditions for
tirst and second obstructions. Finally, we will show that although we could not include
twists of trivial Serre weight in our main analysis, we can include them if we allow 7'-
form Frobenius matrices, and that this is the only extra advantage to be gained by allowing
1'-form matrices.

To start, we introduce some notation:

We let T C Z/fZ be the fixed set of indices i such that the i-th Frobenius map is in
n-form, while T¢ is the set of indices i such that the i-th Frobenius map is in #’-form.

Definition A.0.1. Let i € Z/ fZ. We say that (i — 1,i) is a transition if one of {i — 1,i} isin T
and the other in T¢.
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Given T = 5 @ i’ with 57 # 7/, define (Z;); via:

(2, ifi—1eT,icT,
zi+1 ifi—1cT,igT,
(A.0.1) 5 =07 ' #
p—2zi ifi—1€T,ieT,
\p—1-z ifi—-1¢T,i¢gT,

where z; is defined in (1.4.1). As with z;, we will take the indexing set of Z; to be either
Z./ fZ or Z depending on the situation.

Remark A.0.2. By (A.0.1), Z; # 0 whenever (i — 1,1i) is a transition.

A.1. Shapes.

Lemma A.1.1. Let T be a tame principal series F-type. Suppose CTPY(]) is an irreducible compo-
nent of C*PT comprising a dense set of IF ,-points corresponding to Breuil-Kisin modules that satisfy
the following:

o The genre of the i-th Frobenius map is 1, fori € T.
e The genre of the i-th Frobenius map is 1,y fori & T.

Then | = T.

Proof. By the argument in the proof of Lemma 3.2.3, C%BT(]) contains a dense constructible
set of points such that if i € J, then the upper left entry of i-th Frobenius is 0 or v-divisible,
making it necessarily of genre I, or II. On the other hand, if i ¢ ], then the lower right entry
of i-th Frobenius is either 0 or v-divisible, making it necessarily of genre I, or II. O

Lemma A.1.2. Let CVBY(]) be as in Lemma A.1.1. Then C™BY(]) is a cover of an irreducible
component of Z if and only if | € Py if and only if for each i, Z; # p.

Proof. C*B1(]) is a cover of an irreducible component of Z if and only if | € P; by [CEGS19,
Thm. 4.6.12]. By the definition of P (Definition 4.1.1) and the fact that | = T, the condition
on (Z;); is immediate. O

Since the strategy of this paper rests on covering a suitable irreducible component of Z
by the irreducible component of C™8T in the image of T, it is reasonable to impose the
condition that for each i, Z; # p.

Remark A.1.3. Suppose | = T as in Lemma A.1.1 and Z; # p. Since | € Pr, we may compute
the Serre weight corresponding to . By (4.1.1), the symmetric powers of the Serre weight are given
byb;=p—1-2,.
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A.2. First obstruction. As in the greater part of Section 2.3, we will assume that all Breuil-
Kisin modules in this section are regular (see Definition 2.3.4). We will also assume that

Zi # p-

Definition A.2.1. Let 9 be a Breuil-Kisin module over an F-algebra R with Frobenius matrices
{F;}; written with respect to some inertial bases. We say that G(O;) = G(F;) = Lif G(M;) =
Q(Fl) € {117,177/}.

Lemma A.2.2. Let R be an Artinian local ring over [F with maximal ideal m. A regular Breuil-
Kisin module 9 defined over R is of bad genre if and only if the following conditions are satisfied
(assuming Z; # p for all i):

(1) If (i — 1,1) is not a transition, then (G(F;),z;) € {(1L,0), (I, p — 1), (L, 1), (Lp—1)}.
If (i — 1,i) is a transition, then (G(F;),z;) € {(IL, 1), (L, 1), L p—1)}.

(2) If (i — 1,i) is not a transition and (G (F;),Z;) = (1L,0), then
(G(Fii1),2iv1) = (Lp—1),0r (G(Fiy1),Zi+1) = (I, p — 1) with (i,i + 1) not a transi-
tion.

(3) If (i —1, i) is not a transition and (G (F;), z;) € {(IL,p—1),(L,1), (L p—1)}, then (G(Fix1),Zi41) =

(II,0) with (i,i+ 1) not a transition, or (G(Fiy1),Zi11) = (IL 1) with (i,i + 1) a transi-
tion, or (G(Fiy1),Ziv1) = (L 1).

(4) If (i —1,i) isatransitionand (G(F;), Z;) € {(I,1), (L 1), L, p—1)}, then (G(F11),Zi11) =
(IT,0) with (i,i+ 1) not a transition, or (G(F;iy1),Ziv1) = (I, 1) with (i,i + 1) a transi-
tion, or (G(Fit1),Zi+1) = (L1).

Proof. Suppose i € T. We restate the conditions for bad genre by expressing the conditions
from Definition 2.3.6 in terms of Z;:

(1) Ifi—1€ T, then (G(F),z) € {(IL,0), I, p—1),(L,1),Lp—1)}.
Ifi—1¢T, then (G(F), %) € {(I,1),(L1),(Lp—1)}.

(2) Ifi—1€ Tand (G(F),z;) = (I,0), then
(G(Fit1),Zit1) = (I p—1) withi+1 € T, or (G(Fi11),Ziv1) = (Lp —1).

@) Ifi—1¢€ Tand (G6(F),z) € {(IL,p—1),(L,1),(Ip—1)}, then (G(Fi11),Zi11) =
(IL,0) withi+1 € Tor (G(Fiy1),Zi11) = (IL1) withi+1 ¢ Tor (G(Fii1),Zi41) =
(L1).

@ 1Fi—1 ¢ Tand (G(F),%) € {(1),(L1),(Lp— 1)}, then (G(F1), 5141) = (IL0)
withi+1¢€ Tor (G(Fi41),Zi41) = (IL 1) w1thz—|— 1¢ Tor (G(Fy1),2i11) = (L1).

By symmetry, for i ¢ T, the conditions for bad genre are:

(1) Ifi —1 & T, then (G(F;), %) € {(I1,0), (I, p — 1), (I, 1), (I p — 1) }.
Ifi—1¢€T,then (G(F), Z) € {(I,1),(L1),(Lp—1)}.

(2) Ifi—1¢ Tand (G(F),z;) = (II,0), then
(G(Fis1),Ziy1) = I p—1) withi+1 ¢ T, or (G(Fiy1), Zita) = (Lp — 1).
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@) Ifi—1¢ Tand (G(F),z) € {(IL,p—1),[L1),{Ip—-1)}, then (G(Fi11),Zi11) =
(IL0) withi+1 &€ T or (G(Fi41),Zi+1) = (IL1) withi+1 € Tor (G(Fii1),Zi41) =

(L1).
4) Ifi—1 € Tand (G(F) z) € {(IL1),(I1),(I,p - 1)}, then (G(Fi11),Zi1) = (IL,0)
withi+1 ¢ Tor (G(Fi11),Zi41) = (IL 1) w1th1—|— leTor (G(F1),Ziv1) = (L 1).

Bringing the two sets of conditions together, the conditions for bad genre are as in the
statement of the lemma. O

From Lemma A.2.2, it is immediate that the following is the appropriate generalization
of the definition of first obstruction.

Definition A.2.3. We say that a tame prinicipal series IF-type T faces the first obstruction if (Z;)icz
is made up entirely of the building blocks 1 and (0,p — 1).

A.3. Second obstruction. To compute the right form of second obstruction conditions, we
first state a version of Lemma 2.4.9 for Frobenius matrices in #’-form.

Lemma A.3.1. Let R be an Artinian local ring over IF with maximal ideal m. Let 90 be a regular
Breuil-Kisin module, not of bad genre. Suppose with respect to an inertial basis, F; has the form

a; uib;
ulic;  wvd;

with a;, b;, c;,d; € R. Let

. €= Yjq.
() — _( 9 w U

denote the base change matrices described in the proof of Proposition 2.3.7. Let F! = (PU+1)~1Fp(P)
be the matrix in 2.3.2, and explicitly, let

B a,  bui
! cuYi  od.

For any o € R[[v], denote by T the constant part of 0.
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Then
( bit+a;riy ) e=7ip,
Ad b; 0 a; u b’bz if G(F) =Ly,zi=p—1,
0 1 0 ( i— ﬂ—;Ci)U
a; u®=ib; .
, ifG(F) = Ly,zi#p—1,
(0 (dz — %C,’)Z)) 1
1:1.’ =
bit+a;ri—y , e—Yip.
ad| o C e ifGF) =T,z =p—1,
0 1 u%(ci — Z—;dl') 0
aj u¢=ib; .
| FO(E) =Tz £ p—1,
\ u%(ci — Z—;d,‘) 0 l 1

where Ad M (N) denotes the matrix MNM™1,
Proof. By Lemma 2.4.9 using symmetry. [l

Analogous to Proposition 2.4.8, we define a left action of lower unipotent matrices on
n'-form via:

10 a; u°ib; a; u¢=ip;
A3.1 * ! " = ! ! .
( ) <y 1) (u’”ci vd; ) <u7i (Ci + yai) Z)(di + yb1)>

We will assume now that 91 is a regular Breuil-Kisin module with Frobenius matrices
{F;}; such that fori € T, F; = (uz?lcl ue:ijfb,) and fori ¢ T, F; = (Mglgq u";;;w) with
a;, b, ci,d; € R. Our objective is to find the minimal set of conditions on z; that prohibit
unipotent action (upper or lower, depending on the form of F;) from giving F/ (F/ are as
defined in Lemmas 2.4.9 and A.3.1). Evidently, left unipotent action on F; fails to give F/ if

and only if one of the following is true:

eicT,zz=0ands;_1 #0 mod v, or
ei¢T,zi=p—1landr; 1 #0 mod v.

Recall that PY) = B(E;p(Pi=1)) (A~ = B(F)B(M;e(P~—1))(A))~1. Also by the ex-
plicit calculations in Lemma 2.4.9, B(F;) is upper triangular if i € T and correspondingly,
B(F;) is lower triangular if i ¢ T.

We want to now ascertain criteria for when s;_1 # 0 mod v. We have the following
possibilities:
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(1) Ifi—1 € T, B(F,_1) is upper triangular. Therefore, s; 1 # 0if and only if B(M;_1(Pl~2)))
is not upper triangular mod u°R[[u]]. By the calculations in Lemma 2.3.12, this can
happen only if one of the following statements holds:

(@) zi—1 = land s;_, # 0 mod v. In this situation, s;_1 is a multiple of s;_, mod v.
(b) zi_1 =p—1and r;_» # 0 mod v. In this situation, s;_1 is a multiple of r;_, mod
v.

(2) Ifi—1 ¢ T, B(F;_1) is lower triangular. In this case, if G(F;_1) = L, s; 1 = Cc; 1
mod v where C € R*. If G(F;_1) = II, s;_7 is an R-linear combination of r;_, and
d;_1 mod v.

Similarly, for the situation where r;_; # 0 mod v, we have the following possibilities:

(1) Ifi —1 ¢ T, B(F;_;) is lower triangular. Therefore, r;_; # 0if and only if B(M,;_,¢(P!~2)))
is not lower triangular mod u°R[u]. By the calculations in Lemma 2.3.12, this can
happen only if one of the following statements holds:

(@) zi—1 = p—2and r;_p #Z 0 mod v. In this situation, r;_ is a multiple of ;_, mod
v.
(b) zi—1 = 0and s;_p # 0 mod v. In this situation, r;_; is a multiple of s;_, mod v.

(2) If i —1 € T, B(F;_1) is upper triangular. In this case, if G(F;_1) = I, r;,_1 = Cb;
mod v where C € R* . If G(F;,_1) = II, r;_1 is an R-linear combination of s; , and
a;_1 mod v.

Suppose s;—1 # 0 mod v. Then z; is preceded by some sequence (z; _1,...,2i-1) =
(1,..,1) with k > —1 and such that [i —k —2,i — 2] C T. When k = —1, we mean that the
sequence is empty. This sequence of 1’s must be preceded by either of the following:

®z yo=p—1withi—k—2,i —k—3 & T. This situation is enough to construct an
example with s;_; # 0 as we saw while proving the minimality of the second ob-
struction conditions in the proof of Proposition 2.4.8. In this case, (Z; x_2,Z; k1, Zi_1) =
(r —1,1,..,1) and none of the pairs in {(i —k—3,i —k—2),(i —k—2,i —k —
1),..,(i—2,i— 1)} are transitions.

®zi ro=p—1withi—k—-2€T,i—k—3 ¢ Tandr; 3 # 0. This implies that
(Zik—2,Zi_k-1,-2i-1) = (1,1,..,1) and the sequence is preceded by another se-
quence that allows r;_;_3 #Z 0. Moreover the pair (i — k — 3,i — k — 2) is a transition
but none of the pairsin {(i —k—2,i—k—1),..,(i —2,i — 1)} are transitions.

By symmetry, similar conditions on Z; exist when r;_1 # 0 mod v.

Combining the analyses for s;_; and r;_1 together, we find that whenever there exists
an i such that F/ # U « F; for all possible choices of U (where U is upper unipotent if F;
is in 7-form and lower unipotent if F; is an 5’-form), then (Z;); must contain a contiguous
subsequence of the form (p —1,1,...,1,0) of length > 2. On the other hand, if such a
contiguous subsequence exists, we can construct an example so that F/ # U * F; for some i,
for any choice of U (upper or lower unipotent depending on the form of F;).
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Thus, we generalize the definition of second obstruction as follows:

Definition A.3.2. We say that a tame principal series F-type T faces the second obstruction if
(Z;)iez contains a contiguous subsequence (p — 1,1, ...,1,0) of length > 2.

A.4. Trivial Serre weight. The generalizations of the definitions of first and second ob-
structions (see Definitions A.2.3 and A.3.2) are very similar to the original definitions of
first and second obstructions (see Definitions 2.4.7 and 2.4.10). Note that in the case where
each Frobenius matrix is in #-form, Z; = z;. By Remark A.1.3, upon requiring 7 to not face
the first and second obstructions, we exclude no fewer irreducible components of Z than
we had done earlier.

However, notice that the components of Z indexed by twists of the trivial Serre weight
were also not covered under our strategy when we allowed only 7-form Frobenius matri-
ces, even though their exclusion did not arise from the first and second obstruction con-
ditions. If Z(0) is such a component, then by Proposition 4.1.2, the only possible tame
principal series F-type T = 75 @ 1’ such that C"8T(Z/fZ) covers Z(c) does not satisfy
n # 1. This situation can be rectified by allowing some Frobenius matrices to be in #’-form
when f > 2. By the calculations in Remark A.1.3, all we need is that each Z; = p — 1, while
not all z; equal 0 (so that 7 # 7’). For instance, we can choose T = Z/ fZ ~. {0}, and choose
T so that zp = p — 2, z; = 1 and all other zj’s equal to p — 1. A version of Proposition 2.4.12
can be shown to hold for this situation when p > 3 and we can find a similar result as in
Theorem 5.0.1 when p > 3, the Serre weight is trivial and f > 2. We omit the technical
calculations from this paper because the trivial weight is in the Fontaine-Lafaille range and
amenable to other methods.
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