
Definition : A scheme T is of finite order r over S
, if

1- = Spec A is a sheoif#algebras ,

which

is locally free of rank r

( locally free of ⇒ finite + flat )⇐constant finite rk ↑

needs S locally
north + conn

suppose 9 = Specht) is a commutative

gp scheme of finite order overs .

Consider the map ma : G → G
sti g 1- gm

a

GCT) for T/ S

In the first part , we look at 2 theorems :

• Theorem (Deligne) - A commutative S - group of order m

is killed by m i.e- Ma = 0g

or gm = e

• Theorem 1 - An S - group of order
p
is commutative



Notation :

(1) 9 = Spec (A) is a group scheme of finite order

over S
.

② We have maps :

• SA : A → A ⑦
og A Ccomultiplication)

I

9×9 - 9 Claw of composition)

• ta : *④
as
A - A Caley multiplication)

I

a→ 9×9

(3) Let A
'
denote the 0s - linear dual of A

A
'

Thomas CA , Os )

As ☆
'

is locally free of same rank as As

@
'

④ A
'

) ± @ ⑦ A)
'

& we have

ta ' = ⇔
'

:
A
'

④
og
A
'
→ A

'

Cass . because Sais
associative

commutative iff
✗{ s* is commutative

only
barrier to off 9 is commutative)
taking relative spec of A'

Sai = C-a)
'

: A
'
- A' ④ A ' (commutative &

associative as to is)

If 4 is commutative
, spec (A) is a commutative gp

scheme , with unit & counit dnalizing www.t & unit

resp . of A (Cartier dual )



Note :

96) = Hornos- alg CA , Os )
↳ TCS , A' )

Claim : This gives an isomorphism of GG) into

the multiplicative group of invertible

elements GETCS, A
') such that Sai (g) = gxog

(These are the characters of 91 . ÷ G = character

gp scheme of 9
' )

Pf :

Note : • Sai (f) = 5- ⑦ f

⇔ C- ◦ ta ) (a b) = C- ④ f) (a④ b)

⇔ flab) = f-(a) f- (b)

• f invertible ⇔ zg : ta, (g- ④ g) =
ed
•wit
" "

"

C- ①8) ° SA
I

Now
,

If f- c- 96 ) ,
SA' (f) = 5- ④ f & 3- f-

'
C- 4 (s) & TA' Cf ④ f-1) = E

÷ fis invertible

OTOH if f is invertible & satisfies Sa , (f) = 5- ☒ f

⇐ ⊕ ° "⇔ = "

?⃝⇒ g-(1) g(1) = 1-

⇒ f- (1) is a unit

5- (1) = f- (1-1) = f- (2)2

⇒ f-(2) =L

÷ f C- GCS )



So if 9 is commutative
,

A → @y
'

= a → @
')
'

GCT) = Gtf) Is Homtgps ( G't , Gm
,t ) TIS

g 1- ( g - t )
C-
GCT)

C A'
+↓

GCT ) - Homgp ( GCT ) ,
Gm

, SLT) )
I

G ✗
s 4
' - Gm ,s (Cartier pairing)

E. g- Sf T is a finite gp .

T
-Speck , constant gp

scheme has Cartier dual given by spec R[F)

G = Spec(A)
Theorem : A commutative Sgp n of order m is killed by my

Idea of pf : let t' be abstract gp of order m & let RET

Tr = The) = Ctr) am
ret

⇒ am = 1

To apply the idea
, Deligne defines a trace map :



Suppose 1- = Spec (B) is a scheme of order m over S

-

@④ Of )
"

as a sheaf
MT pushforward of

IPOs A'
"

- T- S

GCT ) c- 1- (T ,
0÷ÉA '

) =
1- ( S , B ④

og
A' Essie

I
↑
locally fue

' dfrkm
7

'Tr /N = noun
over#

↓ an Os alg map

GIS )_ PCS
,
A ' )"

" " " " " "" "

2) Claim : If sµ④B (f) = f- ④ f

then say (Nlf )) = Nlf ) ⊕ N (f)

PfofIainF

First
,
note that if R

'

R" is an alg horn
BIR

, free of finite rk

B ④
og
R
' É 13×0%12

"

fn 2 IN
R
' 9- R

"

Let [ei} give a basis of B over ground og

f e B ④RR
' 5- ( et

'

④ 1) = Euij ( er. ④ 1) = Sei ④Mit.

@④ 9) f - @④ a) let
'

④ 1) = & ej ⊕ Quiz

÷ N (f) = detuij det Qµij = N (☒9)f)



"

SB ④ A'

Apply to B. ④
og
A
'

B. ④ A' ④ A
'

05

Inµ
A' É A' ⊕ A'

0s

For fin GCT )
, Sai (Nlf )) = N ( SB④ A, f) = N ( 5- ④

☐
f)

Apply to B ④as A
' ¥1s B ④ og

A'⊕ A'

t
n!,
- f⊕1

' t
Al ¥1 A'④ A

'

N (f) ⊕ I = Nlf ④ 1)

- : Nlf ⑦ f) = N (-5×01) N (1×0 f) = @ (f) ⑦ 1)
(1×0 N (f)

= N (f) ④ N (f)

- : if f e GCT )
,

N (f)
,
being invertible as

well
,

C- GCS]
.

#

Tr is a gp homomorphism
Tr£( U ) = um it a c- 91s) cqct)



If t : T- T is an S - automorphism .

then Tr (f) = Tr( 1- IT -5-9 ) tf c- ACT]

because t finches a rearrangement of basis of
B

Pf of theorem :

we want to show that if we GCS) ,
then um=1

(Enough = we can vary base theme & see every pt as

a map from the base scheme)

let tw : G- G be the translation on 4 by w

( a → Uxss É axs a - 9)

Consider id c- a (9)

Tr ( id) = Tr ( G# G # G)
9 to gu 1- gu

GCG )

id ◦ tu : id 1- id * u

-: ido tu = id * u : G - G

ggp.info
Tr (id) = Tr ( id ◦ tu ) = Tr ( id * a)

→
•
"

= Tr (id ) Trcu)
= Tr (id) * um

⇒ um = I



Theorem 1 : An S gp of order p is commutative &

killed by p

(only need to show commutativity)

Pf : Reduce to the case that S = Speck

affine . 9 = Spec A

O - Ker → A
swap

A-④ A

STS that at each local rg ,

beer is 0
,

- : WMA R is local

strictly
can embed R in a Lhenselian) local

rgRˢÑ residue field be = bus

A ↳ A ④RRˢʰ

& STS Gash is commutative

so WMA R is local w/ residue field k= ks

Lemma : Let k=kˢ . 9= Spect be a K -
gp of order p .

Then either 9 is the constant gp scheme
,
or

charts =P &
G= MP, K

G= Xp , k

In particular , G is commutative & A is gem

by a single elt



Pf of them granting Lemma :

-
"
*

Gk = Spec ( A ④Rk ) is Comm. by lemma
" A' ⑦Rk

-: (E)
'
has comme Hopf alg structure

Apply lemma to Cn)
'

,
the Cartier dual of Gk .

Let u c- A
'

be s-t . I c- A' ④Rk = (E)
'

generates
A
/

④12k

Then Rte] = R[×] ④ k = bit] = A'④ K

By Nakayama R[a] = A
'

⇒ A' is commutative

⇒ q is commutative

Now pf of Lemma 1 :

Notice : go C G is a normal subgp scheme

Fact : 914° is well defined gp scheme of finite order

& order = : 191 = 19197 . 1901
"

p

- :
I '

90 is order 1 overk ⇔ 9° = Speck

or

I - 9° is order p
⇔ GO = G

I. ⇔ G étale / be

⇔ a = Wspeck : 4 I 91k£
geack)

I HPE
↑
"
-
order =p

-k

A is gen by any function ⇔^iᵗw%Éh takes distinct

values at the pts of 2/PI because

any equation that it satisfies over k will

have at least p distinct solutions : the

equation will have dig ≥p .



II. ⇔ 9 is connected :

91k is finite ,
-: noetherian + (

all pts are closed

pts & each will

dim A = 0 give a distinct

in component .

exactly More than I pt ⇒

i. I closed pt disconnected)

=
(A)m)

: A is a local north rg of dim 0
.

The augmentation ideal Cgurng the counit)
[prime

ideal

M is nilpotent . [
A E-k ⇒ A=k⊕ here

' "

my-: AIM =k

As order G= p , my ≠ me (else M=0
by Nakayama
& order = 1)

*
°

let d c-
Mom
, GRA/k ,

k) = Clm)
"

d c- my C A' Said ) : a④b ↳ ab to dlab) =
in

A- ④ A a-db + b- da

-: Sai (d) = Exod + dxoq ckld] ⊕
↑ kcd]
unit of the

alg bed] c A'

-: bled] c A
'

We have A- = A
"
→ k[d]

'
⇒ order of k[d)

'

=p
*

k

⇒ R[d) = A
'

+commutative
- : we can take G' = Speck'

G ' is e'tale or connected



G ' e'tale ⇒ 9 ' = 21101k

⇒ a= (a)
'
=

up.is = spec (1,6¥ )
As 9 is connected

,

chalk =p .

G
'
connected ⇒ d nilpotent & kcd] is of

rkp .

i. DP -1 -1-0 & DP = 0

(
BY Artin Rees ,

Basically (d)o @it') > _ . . doesn't

stabilize unless we get to d" = 0
,

so we will keep losing dimension until

n
_ : n ≤ p . but held] is ok P ÷

n≥p )

SA ' is a rg horn =
.

◦ = Sai (AP ) = (d))
"
= @④ d + d⊕1)

"

⇒ p = 0 ⇒ char #=p

As six /d) = d ④ It 1×0 d
,

at =

Xp , R

Q,

G = (G)
'

= Xp,k (dual of d
ends up going

to 9×01 + 1×09

under SA )



So now we wish to classify these gp schemes

let X : Fp → Ip bethemultiplicatine section of
Ip → Ttp

so
,

✗ (07--0 & for me #p'
,

✗(m) is the

unique LP - 1) root of unity in Ip whose

residue is m mod p .

✗/*; generates the gp Homgp (Fp
"

, Ip
" )

let Ap := I [✗(Fp) , ¥ ,,] A Ip top

so we are attaching the p-1 roots of unity

all

spec Z[✗(Ip )] - { IT' DCP - 1) ,
primes lying over
p except theLIT
one prime that

spec 2
embedding%?¥i⇒ ] - ☒is

Np Np Ip = P2p
↑
-: unramifrid

over p

Fix p , & let A= Ap



Set up : G = Speed
/ order p
s

1
Specs

(so we take ✗(m) as taking values in TCS ,0s))

By Thin I Fp* A G

q From qM - (
g - gmmodp )
e a- e

m -

(
a# a

%)
✗
0s ④ T

A & the augmentation ideal 9 are sheaves

of modules over the group algebra
0s [FIR ] .

We will use this action to

probe the structure of &

S X
- ion) [m] c- 0s [Fp

"

]Define ei = ¥1
ME#

(depends only on i mod p - 1)

Check : eiej = 0 if i≠j (the Pt
is that { ✗

"£
(r)

r c- ☒p*
is a sum of the

form 1+5+34=+3+1
for 3 ≠ I somettnot

of unity)

EE = I



Sei = 11] = id

[m]ei = xicm)ei

Let Ji := eis

P -I

⇒ I = ⊕ Ji
in

Titu) = { 5- c- 9 (U) : Griff = Xicmf tin c-Fp
"

}

=

{ 5- c- TCU) : [niff = Xilm)f Km c- Fp }
↑

[0]f = 0 = [0] = E tf c- JLU)

⇒
([m]f ) ( [my g) = [m] Gg ) ⇒ Sisi c Jiri

eochlhttue locally
since 8 is ncf rk p - 1 over 0s

,
Ji is n f- p . projective

modules
,

i
- locally free of rk ri &

bro =p -2

To compute rank
,

we can pass
to

a geometric Pt
so assume S = speech) , k=ñ

. G= Spec A , TCG , Ji)= Ii
we will find f- c- I , s-t- f ,

"
=/ 0 Yi c- [1 , p - I] ÷

rk Ii ≥ I V- i
i.
rkIi =L

By Lemma earlier
,

we have 3 possibilities force .

f-
1- 9 = 741%

- 2- G= xp ,k Chowk-- p

[
3. 9 = up , K Chowk=p



Incase 1.
,

G= 7411k .

A is the algebra

of b- valued functions on 74pZ = Fp &

let f, = X ✗(07=0 - : ECX ) = prolix )=0

:X C- I
.

Cm]X) (n) = ✗ (mn) = Xfm)X(n)
: ✗ c-It

In case 2- > 3-
,
GI Xp , k or Mp , k & char k=p

For xp ,k A- = belt] with TP = 0
, sat = -1×01 -11×0-1

: [Mlt ( id)
tert

= tcidm)
ttsmt

= met

Forman A- = k,↳ = k[t]_
↑ tP

f- s- I

[Mls (idJˢˢ
=

scidm)
↳ Stssm

:[m]s = Sm

- : fm]t = Sm-1 = C-+1)
m
- 1

Em]t = Mt = ✗(m) t mod t'
↑

✗(m) -_ m
=

EXCM) eit"
mcharp i

8cm] eit
"

{ xilm)eit ⇒ ◦ ≠t= eitmvdt
'



Let f , = at

so we get that over alg closed fields ,

Ii = Ii

locally on Speck CS
,

9(Speck) = I
,

we have

for it [lip - l] ◦ ≠ (I , ④pnrecp] ④Rcp, KTP) )
"

< A ④RʳÑ

↑
It ①

R KID

⇒ IF -1-0

⇒ Iii ⑦ RCP) = Ii ☒ KCP) p

Nakayama ⇒ I,i=Ii

To conclude
, we have the following lemma :

p - I

• 9 = ④Ji
.

[=L

• for i c- [1 , p - I]
,

Ji is invertible 0s - module

consisting of local sections of A sat -

[m]f = Xicm)f um c- Fp

° 9i9j a Ii+j ti , 't

• Jj = Ji tr i c- [1) p- I]



Exarch :

up ,n
= spec B where 13=1,4-2-1,

SB (Z) = Z ④ 2- & [m]z = zm ME#
p

The augmentation ideal I is B. (2--1) =

A (2--1) + - - + A(ZP
-1
- 2)

For i c- 2
,

• Yi := (p - 1) ei (1- z) = S X
- i. (m) (1- zm)

MEFp*

Depends only on i mod p -1

P -1

{ Xicmyi form c- Fp
"?⃝ zm = ±. ⇔

p -1

• syi = Yi ④ 1 + I.④Yi + 1- Eyi ④ Yi-i
1- p j=1

I = Ay , +
- - + Ap-1

II. = eiI
= { Ayjei =

↑
hyi

Ir

Yi -_(p-1)eiltz
)



let y := y , , gen of I ,

let WI
,
Wz

, Wz , n - .
be s- t '

Ii 3- yi = wiyi (I,
"
= Ii

'

for i. c-G. p -D)

: for it flop - I]
,

Wi is a unit

P#'ton :

• we are invertible in ^ for I ≤ i ≤ p -1 .

✓

• B. = rly] with YP = wpy ✓

•

sy = y -02 + 1×07 +

±p Ey÷. ⊕ Y
Wp-i

✓

• [m]y = ✗(m) Y for me
#
p

✓

✓
•

Wi = i ! (nwdp ) for 1 ≤ i≤ p
- I

write zmodp &

Spg(7)= 2-④Z

interns of

[
• 2- = It ÷p ↳ + ¥

,

+ " Yw÷,)SBCY) & compare
terms

•

(
WP = pwp-1

Choose an embedding Ap ↳ K where K

is some field containing a primitive proof
of unity 3

Extend AUK to

1ft] → K by sending 2-1-3

let Yi ↳ yi & 2=21



Np-1 = Im(Yp- 1) = £ ✗*→ (m) (1- 3m)
ME#p*

=

p-1 - 83m

g#-Fp*
=p

UP
"

= Wp- , Np_,
÷ 2=10

To

Pwp-1 = Up -, Wp_, = NP
-1

= UP
2-

=
WP

above

(Rmk : using this embedding , we can compute with

inductively)

Now
,

consider Sym•( %) = 0s -109 , -10 Signori) ⊕ -

9
3- an Os - alg horn Symicti) → A induced by the

inclusion 9
,
CA

By the fact that 91
"

= Ji tr i c- [1) p- I] ,
this map

is surjective .

Let a c- T(S , Ji④tP ) be the homomorphism
TFP - Ji induced by • in A

Keng is the ideal
gem by Ca - 1) ④ Iip



Let 9
'
= Spec A

'
be the Cartier dual of G & let

9 '
,
Ii and a' c- 1- ( S , @ i)④ '

- P ) be the analogs
of 9

,

Ji & a force .

• Note that Ca)
'

= T.si

as we are dnalizing 0s-9 0s -109A E- 0s

• @i )
'

= ⇐9)
'
= @

'Ii

9 'i = { 9 : [nice = Xicm> a }

If 9€ @iD
'

Cm] a) (a) = • ( [m] a)

=

( icm) alasif aeeiJ
0 if a_cej9

: [m]q = Xicm) 9
A

⇐95
i.

•


