
G : finite flat of ordnp

(Not quite) A Recap :

" spec
A

• let s be a Ip scheme . If 91s then ☆

± 0g ⊕ 9 ⊕ Sym'S ⊕ . - ⊕ Syrup-19 for an invertible sheaf I
2) Tip-1

#'ideal

Alg structure comes from a map a : I P
- 9

a E !
④ p -1

• A
' ± Og ⊕ JV

⊕ ④
④2

⊕ . .

⊕ (9)
④ P - h

w/ alg structure given by b : Jr
④ P
→ gv

,
be (g)

⑦ P - 1

• Over Ip , G= up = Spec A where

A = IpfY]--
3) yP=wpy there wp = Tw↑É - p

A
'
= ZIYI

YIP = y'

• Recall : G x G
'
→ Qm nondegenerate
☒ up

:G&G
'
are p

- torsion

From this ,
it turns out that a ⑦ b e ! ④ P- '

④ (9×013-1)
LsI

C- Os
Wp

• Theorem : For S over specZp

{ isom classes of S - gps of order p} { isom classes of
↑ triples (L, a, b)1) injective .

obvious where L is an inv 05

sheaf , a c- 1-(5,1×9-1)
be TCS

,
E '- P) &
a④ b = Wp - Ios

a - µ ,
a
, b) ↑

↑

Define define

using 2) using 3



Gk
, b
- C ,

a
, b)

↑
construct inverse using structure of up

locally on Spec R , Gʰib
S =

= 9 ④
R,
R where • Ro = Ip [× , , ✗2) 1×1×2-Wp

• Ro → R

X, - a

Xz ↳ b

spec
• G- R¥?
SY = I ④ Yt 7×01 +

¥ £ U Yi ⑦ yp
- i

[= , wiwp-1

E- g-

,
money

invertible
shot

MP/2p g.
Rp

Wp , 1

Mpi>↳
= 74102-4,

GIP
1
, Wp

9k ,b ± Got:b, ⇔
3- u c- TCS, Oj )

L→ L

gon ↳
u - gon

a 1- WP - ' a = a
'

b - w
'- P b = b

'

-



Digression = Éthle fundamental gp :

Let s be connected & a
'

a geometric pt of S

F = Finite e'tale /s → finite sets

y

dit - Tta I

Homs ( x , Y )
s

e'tale
ILS) = Aut F "

fundamental gp of S
"

we have a categorical : F : Finite e'tale / S → finite sets w/
equivalence cont . It - action

Finite e'tale gp schemes/ s → finite it - modules

Finite e'tale gp schemes of order pyg
Is it -modules ~_ {characters

of order p × :#→ *;}
E-g.
For K a field ,

1T (Speck] = Galik/ K)

For K integrally closed domain , it (Speck) = U Gal ( LIK)
K = Frack 4kfnite.su

& integral closure

of R in L is

unnarnifred over R

un

I( Spec Ip) = Gap



E'tale case : Gta
,b

is e'tale over S
,
step

→⇔

qRtotally on Speer < S , a. b
= Spec RID

yP - ay

RAR = (ypᵈ÷aTdy
e'tale⇔ I = 0 at each kca) ⇔ (PYP

- '
-a) =/0mn44

.

⇔ FF=0 : ñ≠o

{Fy -1-0 JP _=ñy ⇒ ñ=yP- ' ≠o
&p(yP

- l
- a)= p(-i_yP→

Fruit to

⇔ a is invertible

As a④ b = wp
,

bis unnerve determined

let ✗ = Spear
,

For e'tale Cia
,b ,

F ( Gta,b ) = Hom (&, Cia, b)

glom ptafs
s

spec 0s
"

-09+0502+0 . ._

={a c- Homos - mod G. d)
= gV⊕R

satisfying k④ ' = axon }

P choices for se : a-0

or the p-1 sections a

satisfying x⊕P -1 = a

Denote such a section by P-1T¥
IT acts on Gla

,b (a)
via y

⇒ induces action on
se

The attached Galois character satisfies

C-if)ʳ = ✗ ( tuco ) ) Piti)

- : +G) = ✗→ (HE.LT
'

¥ )



Groups of order p over rgs of integers in # fields .

140 finite

R integrally closed CK
,

Frac R=K

let M = mon generic pts of Speck = month- v

discretevaluations of
K whose valrg > R

For V C- M
,

Rv = completion of R at v

Kv = Frack

key idea :
let F-(X ) = Isom classes of ✗- gps of order p

9 1- IT 9 ⊕ Rv

F-(R) - ITELRD

| ✓EM

↓ I↓
G⊕K 1-1-14④ Ku

Elk) → IT Elkv)
VEM

is Cartesian
.



To prove this we need a lemma :

lemma : let 9 / S finite of order m . If m is invertible in 0s
,

q is e'tale
over S

.

Pf : Finite
, flat ✓

To check unramiflid ,
STS on geometric fibers .

6
So let 5- Speck ,

k=Ñ LWTS that

geo fibers are
disjt unions

• Speck)
Étale ⇔ connected component of e = Go is

trivial

(i⇒enÉy⇐ :

connected component has
a rational pt as there are finite
type k=És cherries

,
& Go = Speck

⇒ by translation by national pts
,

we get all conn- components are
±

Speck ,
G = Speckle - - U

Speck)
Fact

:

order
divides

↓
M f

'

If Go ≠ {e}
,

9° = Spec A , ( A is tnite%uer be

- : dim 17=0 + finitely many imed

components
-: A is a discrete set

. By connectedness ,
Ipt)

=
12 ⊕
ÉM

⇒ A is an artinian local ng
with v-s - dim =p

⇒ m≠m2 ⇒ Chuy
"

1=0

3- a K- derivation d -1-0
.

d c- A
'

Leibniz rule gives Sa/ (d) = 1×0 d 1- d ④ 1

Rfd] ↳ A' is a Hopf subalg

[
order

divides m

Nontriv . Map of gp schemes : spec A
'
- speckled] → Speck[t] = Cha
d # d - t

→
As the map is nontoiv , not all closed pts go to e as closed pts are dense in A'

-: 3- x≠°in br
, seen as im in ilo% pt in A

'

s-t -

Mae =o ⇒ r=O
⇒⇐



Back to our Cartesian diagram
• Idea is where vfp.am#isetale , so we

have a description
in terms of it - modules{

. where vlp ,
#Rive have an explicit classification from pm section

Actually all we need for the applications is .

F-(R) ↳ ITECRD ×
,TE(Ku ,

F- (K)

(
""ʰ " " ""

If 9 , H are defined over R

s- t - GE H over K Rover all Ru

Then let 9 : Gk → Hk

⇒ qv : Gku → Hkv

Aut (Upw ) = Ep
"

True for ✓Xp ,
-

:p invertible
⇒ étale ⇒

Fp× characters of
IT

for v / Ps
Ip CR

,

so our classification
applies & we

can check
.

du is coming from something our

Rv by equal cardrnalitris of
Ant gps

.

so 9 defined over Rv
, K

÷ over R



let ✗ = Speaker or Spec Rv or Speck
for any ✓ for Vfp

As p is invertible MX

F- (X ) = Homcont (itabcx) , Ep)

Class field theory :

* = Ck - ITCK) ab = Gkab

↑ ↑
Ki → IT(Ku /

ab
= qkrab

I ↓
Uh

Ki/ Uv → ñ( Rv)
"b

=

Gkr

These homomorphisms become Isom after passage to

profinili completions of domains .

F-(K) = Homcont (Ck , Fp
")

F- (Ku) = Homcont ( ki
, Fp

"

) TV

F- (Rv) = Homcont ( ki / 4 ,
Fp* ) Xp

Lemma • let vlp Let ae Ki
,

& let
qae Hornwort (KJ )#F)

be the character corresponding to Giiib over Ku

then Qa (a) = On B mod Mv

g-
where PP

- '
= a

@ in)i= one c- Grab corresponding
tox

& Qalu) = (Nry#p ( ie ))
_""

for u c- Uv

Fact : This paving is non - deg on kik:P- ' × Ki /Kim → Fp
"

bilinear



Clavin
:

These
conditions

✓ describe
an

elt of fiber
product

1TEur

Theorem 3 : bijection Eun -1×5=443

{ Isomorphism
classes ᵈ[ (Y Cmtyp ) , where y :c,<→Ep

"

,

of R-gps of orderp } ↳ ◦ ≤ nv ≤ v6) vlp and the

following conditions are satisfied :

①
for
vfp y is unramified at it

⇔ * (Uu ) = I

for VIP , tvlu)=(Nky#p(ñ)J
""

ueuv }

Here

④ u
: ki - Ck -4s #p* )

a 1- (94 , chip )

where 94 is the idéle class

character determined by GXORK

For vlp , G④RRr ± 9¥
, wpa

-i

◦ ≤ n9 :=v(a) ≤ vlwp)=v(P)

• For vtp , condition (is is saying that Yu should

be coming from the generic fiber of
a unique gp scheme over Rv ⇔ C-(A)

clear { t
% £ Elko)

i.e- fiber over you contains exactly 2 It

• For Vfp , Condition ⇔ guarantees that fiber over
Yv c- F-(Ku) is non -empty in C-(Rv)

↓

F-(Kv )

Furthermore it is unique if we restrict consideration

to Gu I Giiiwpa- i in preimage s - t
'

✓ (a) = Mr



Rv

Pf : If Gu -- Ga, wpat is in primate of Yr
,
then

Xv = Cfa by priv lemma know
k%⇔P -1 → Homgplkikk.it

'

, 1¥ ) (by
,
degeneracy

(a)d)u =

- : I a unique a c- Ki mod@i)P
- '

s -t - 9am)
Qa = Yu

By prov lemma Qalu) = Nku,#p (
Te )

- "(a)

As Nkr/Ep
is surjective , Mr = V(a) mod p-1

Changing a by a p- h power of uniform'm ,
we get ✓(a)

= nv & a uniquely determined mod KT
'
n Uv =

mod UF '

- : Gu is uniquely determined
.

Note that
for a given family of integers Cnr)yp ,

• either there is no idek class char satisfying
d) Gdi ] , or

• the set of all such has a free & transitive
action by the gp of characters → Fp

"

k¥%TUv
-

ideal class gp

÷ If class number is
prime

to p ,
3- at most one v1 for

each family (7) v11, ghouls
0 ≤ nv ≤ KP)

# of families (nDyp = IT KP) +1) .

VIP

i. if p is prime in R
,
I just 2 families : Mr =D

,

Mr = 1

for the unique VIP



Corollary : If R=Z or if R is rg of integers in a

field of class # prime to p -1 s -t PR is a prime
ideal in R

,
then the only R- gps of order p are

PZ )R & MP > R

Corollary : Let R be arg of integers in a field of
ramification index < p -1 at all places above p
Then a gp scheme over Rof order p is determined

by its generic fiber .

Pf : Generic fiber determines Yu satisfying D & tr

• for Vfp ,
we get a unique ett of E(Rv)

giving you in its generic fiber

•

For VIP , We found Gv earlier by finding
a : Qa = %

.

As ✓ (a) < p -I
= VLP) < p- 1 .

knowing Tulu) determines nv Mod p -1

& : v(a) is determined
- : a is determined mod UP-1

.


